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Abstract 
Modern tribological coatings often possess a multilayered structure, where the properties 
of each layer can be chosen to optimise the tribological performance of the coating. Such 
structure can offer advantages over a single layer coating in terms of improved coating 
durability and reduced contact friction and wear. The behaviour of such complex contacts 
cannot be fully analysed with current contact models, especially when real surface 
roughness is considered. Therefore, there is a need for an improved contact analysis model 
that is able to predict the contact behaviour and sub-surface stresses for real rough 
multilayered contacts. 
The work presented in this thesis provides a complete three-dimensional numerical model 
for non-conformal multilayered real rough surface contacts, which offers a powerful tool for 
analysis and optimisation of such coated contacts. The model can be used to predict the 
contact pressure distribution and deformations as well as sub-surface stress field due to 
applied normal and tangential loads. The contacting bodies are modelled to have an 
arbitrary geometry, possessing real rough surfaces thus avoiding any assumptions about 
asperity distribution or shape. 
The model is based on linear elastic theory and utilises the influence coefficients approach 
to solve for contact pressures and deformations in a rough contact. The influence 
coefficients are obtained by utilizing Fourier transforms to solve the Navier’s generalized 
equation for displacement and stress fields, for an imposed set of boundary conditions 
pertinent to a multilayered contact. An iteration scheme is set up to obtain the full 
distribution of pressure and displacement for a rough contact given the applied normal 
loading, friction coefficient and material properties. 
The model is validated by comparing its predictions for a set of carefully chosen cases to 
those obtained with existing analytical and numerical solutions. Results are presented to 
illustrate the capabilities of the model and its potential applications. These results illustrate 
how the contact performance, in terms of surface and sub-surface stress, can be enhanced 
by carefully selecting the properties of each of the layers in a complex multilayered coating. 
Such enhancements could lead to improved durability and efficiency of machine 
components, such as rolling element bearings. 
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Nomenclature 
a = semi contact width 
fc = Critical frequency 
gap = Geometrical overlap of the rough surface and the layered body 
h1, h2,......hn-1 = Layer thickness  
i = Imaginary number 1  
l = Square element semi width 
m = Number of equations 
n = Number of layers 
pi,j = Pressure at point i,j 
r = Fourier transform variable in y - direction 
s = Fourier transform variable in x – direction 
uz = surface deflection in z – direction 
AIC=influence coefficient matrix 
E = Elastic modulus  
E* = Equivalent elastic modulus 
Grad(f) = 
L
gapU 
 
K = Group of variables 
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3
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



E
K
 
P = Applied load 
P0 = Maximum Hertzian pressure 
R = Ball radius 
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U = Non-dimensional displacement in x-direction 
V = Non-dimensional displacement in y-direction 
W = Non-dimensional displacement in z-direction 
 = A variable assigned to the value of: si2  
 = A constant assigned to the value of: 22 rs   
 = Non-dimensional y-coordinate 
 = predicted displacement (Hertz) 
 = Elastic strain 
 = Non-dimensional z-coordinate 
 = A variable assigned to the value of,  K  
l Lames constant, 
)21)(1( kk
k
k E




  
l Lames constant, 
)1(2 k
k
k E




 
f = Friction coefficient 
 = Poisson’s ratio 
 = Non-dimensional x-coordinate 
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Chapter 1 
Introduction 
This chapter discusses the purpose/aims and objectives of this project and gives an outline 
of the structure of the thesis. 
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1 Introduction 
The most common way to reduce friction and wear in contacting surfaces is to use a form of 
lubrication. When the contacting surfaces are those in bearings, there are various situations 
were fluid lubrication of the contact is difficult or even undesirable. This may be in the case 
of high speeds where the shear rate is too high to maintain an even lubrication film, creating 
a metal-to metal contact, or in the food industry where oil or grease could create a risk of 
contaminating the products.  
One way to compensate for the lack of, or insufficient lubricant film and prevent failure is to 
improve the tribological performance by the use of thin coatings. By creating a layered 
system with different material properties and layer thicknesses, the contact pressures, 
surface stresses and sub-surface stresses may be altered so that the optimised wear and 
friction properties for a specific application can be obtained. If such an optimised layer 
system can be found, the friction can be reduced and damage of the contacting components 
can be avoided. When the material properties of the coatings are very different to the 
properties in the substrate, sharp undesirable stress fields can occur at the interfaces which 
might lead to delamination or buckling. In order to minimize the risk of such, the bonding 
between the layers can be enhanced by introducing intermediate thin layers, in that way 
creating a gradual change of the material properties. The contact stress field of such 
multilayered system differs significantly from that of single layered or homogenous case. 
One example of these novel coatings is Diamond Like Carbon (DLC) coatings. The 
multilayered structure of DLC is shown in Figure 1.1. DLC has high hardness and wear 
resistance but a relatively low Young’s modulus and friction coefficient.   
 
Figure 1.1 The multilayered structure of DLC coating as manufactured by Teer Coatings [source: 
www.teercoatings.co.uk] 
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These multilayered systems have an obvious advantage over simple single layered or 
homogenous contacts and can be seen in more and more modern applications. It has 
therefore become very important to better understand the behaviour of these systems. 
Although the first model describing a model of a multilayered contact (two layers) was 
published by Chen in 1971 [62], the subject is still of interest and a lot of work is still going 
on. Other work has tended to be limited to specific cases, e.g. valid only for a line contact 
[58, 63, 64] or only for normal contact [20, 69] and/or has only shown results for two 
layered systems although it is stated that the theoretical model is for n number of layers 
[64, 66, 68, 69,70]. 
The current project tries to overcome those limitations and ultimately provide a complete 
numerical multilayered model that offers a powerful analysis/development tool for future 
new materials and coating designs which may have unconventional and non-homogeneous 
properties, and which might be described as “smart”. 
Chapter 2 in this thesis investigates existing contact mechanic models. First, the early 
analytical models of smooth homogenous contacts are looked at, followed by two and three 
dimensional models dealing with rough contacts. Next, a review of single layer models 
ending the chapter with the more recent models that deal with three-dimensional rough 
surface contact of two bodies where one has n number of layers. 
In the next chapter, Chapter 3, the model developed in this project is described. The 
fundamental equations for a multilayered half-space are derived and transformed into 
Fourier space. This solution is then used as a kernel function in an iterative numerical 
scheme, designed to deal with real rough contacts. 
Chapter 4 validates the model against analytical results and existing accepted numerical or 
semi-numerical models. The model is then used to study the influence of; roughness, 
coating properties, coating thicknesses and their relative positions in the layer system, on 
the contact areas and pressures as well as on the sub-surface stresses. The results of these 
studies are presented and discussed in Chapter 5. Chapter 6 summarises the conclusions of 
the current research and Chapter 7 suggests some aspects for further work in this field. 
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Chapter 2 
Literature Review 
In this chapter, previous works on the subject of two- dimensional and three-dimensional 
contact mechanics models is studied. Firstly, a general description of contact mechanics of 
homogenous bodies is given. Later, models dealing with ideal statistical surfaces and real 
measured rough surfaces are described. Lastly, single layered models are looked at, 
followed by a more comprehensive insight into contacts where one or both bodies include 
multiple surface layers. 
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2 Contact Mechanics Models for Homogenous Bodies 
The contact problem of two non-conformal elastic bodies was first solved by Heinrich Hertz 
[1] while studying the contact between optical lenses and, although over 140 years has 
passed by, the theory is still widely used in the area of tribology. 
Figure 2.1 describes a general contact of two smooth 2D profiles under applied load, P. The 
contact width is 2a and the total initial separation of the two bodies is S(x). The problem 
described later in this work is statically indeterminate since neither the contact area nor the 
pressure distribution within the contact is known from the start. The solution can be 
obtained through a number of boundary - and compatibility conditions. The compatibility 
conditions are: 
• Inside the contact: The applied load, P, must equal to the integral of the pressure, 
p, over the contact area 
   A dxxpP  2.1 
and no penetration of the contacting bodies’ is allowed, i.e. the sum of the total 
initial separation, S(x)= S1(x)+S2(x), and the elastic deformation , (x) must be equal 
to the rigid body movement, . 
   )()( xSx  2.2 
• Outside the contact: The pressure must be zero, negative pressures not allowed  
 0P  2.3 
and the sum of the initial separation S(x) and the elastic deformation, (x) must be 
greater than the rigid body movement, . 
   )()( xSx  2.4 
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Figure 2.1 Illustration of the contact of two cylindrical smooth bodies [2]. 
Hertz assumed that each body is an elastic half space loaded over a small region of its plane 
surface, which means that linear elasticity theory is applicable. Hooke’s law of elasticity is 
valid, which means that there is a linear relationship between the components of stress and 
strain. This means that: 
 The material properties are the same throughout the body, i.e. homogenous (in the 
case later described, where the body is layered, each individual layer is assumed to 
be homogenous). 
 The body is assumed to be isotropic (for the layered body, each individual layer is 
assumed to be isotropic). 
 Strains are relatively small and the surface slopes are assumed to be relatively small 
so that forces act normal to the surface. 
 Stresses are assumed to be small enough to not produce yielding. 

2

1
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Hertz also restricted the surfaces to be smooth and frictionless. Hertz solution provides the 
maximum contact pressure, P0, which for a “point-contact” – ball-on-ball or ball-on-flat, is 
given by: 
 31
23
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
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And the radius of the nominal circular contact area, a, given by: 
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The maximum displacement,  is: 
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Where P is the applied load, R is the effective radius of curvature  
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and E* is the “reduced” or “equivalent” elastic modulus of the two bodies, which is given by 
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subscripts 1 and 2 refers to the upper and lower body. 
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Hertz established that, for the point contact described above, the pressure distribution has 
the shape of a semi ellipse as shown in Figure 2.2, where the applied load, P, is 2N, the ball 
radius is 10mm and the equivalent elastic modulus, E*, is 113.7GPa. 
 
 
 
Figure 2.2. Two dimensional Hertzian pressure and displacement distributions for a smooth homogenous 
contact. Contact conditions: load=2N, ball radius=10mm. Material properties: E=207GPa, =0.3. 
For the conditions used in Figure 2.2 the calculated maximum pressure P0 is 0.59 GPa, the 
semi contact width, a, is 0.04 mm and maximum displacement,  is 0.165 m. 
Assuming that the contacting bodies can be considered as half-spaces is generally valid for 
non-conformal contacts provided that the semi contact width, a, is small compared to the 
radius, R, of the body (a<<R). Similar equations exist for “line-contacts” – cylindrical 
contacts, and for elliptical contacts, and a good compilation of all equations is given by 
Johnson [3]. 
However, the assumption that the surfaces are smooth is generally an unrealistic 
simplification as the surface roughness cannot be neglected in most engineering 
applications. When the effect of roughness topography is included, the resulting real 
contact area is much smaller than the Hertz’s nominal contact area and a more complicated 
pressure distribution is produced. Due to the significant effect that surface asperities have 
on the pressure distribution, and subsequently on the stresses and displacements, a vast 
number of more complicated rough surface contact models have been developed since the 
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first ones appeared in the 1980’s. A description of the most relevant works on contact 
models is given in the following section. 
2.1 Statistical Stochastic Rough Surface Contact Models 
As computers became more powerful, the contact conditions for real measured rough 
surfaces could be predicted. The earliest rough surface contact models were based on 
statistical and random process theories of roughness [4-12]. For these ideal surfaces, a 
closed form analytical solution can be provided and used to find approximate solutions for 
the rough contact problem. However, assumptions regarding the shape of the asperity 
peaks has to be made and statistical representation of measured surface roughness are 
used instead of the real measured surfaces. 
Already in 1939, Westergaard [4] understood that the classical study by Hertz, where the 
contacting bodies are assumed to be smooth, is a too crude approximation. By studying 
regular wavy surfaces with small amplitude in contact with circular and non-circular 
cylinders, he showed that, if a non-smooth surface was considered, different pressure -, 
stress - and displacement fields would appear, as well as smaller contact area and higher 
pressure peaks. 
Amonton’s first and second laws of friction state that friction is directly proportional to the 
load and independent of the nominal area of contact. However, Hertzian theory states that 
the contact area for a smooth sphere pressed against a flat is not proportional to the load; 
hence the two theories contradict each other. Archard [5] wanted to confirm that 
Amonton’s law was valid in an elastic deformation and that the Hertzian theory would not 
hold for rough surfaces. He showed that, although plastic deformation occurs when two 
rough bodies are rubbed together, after a running in period, the contact can be seen as an 
elastic contact. He modelled the rough surface as a sphere with small, so called 
protuberances, on the surface. These protuberances in turn had even smaller ones 
superimposed on their surface and this goes on to an increasingly refined scale, this is a so 
called ‘asperity-on-asperity’ model. In this way, he could illustrate that the real contact area 
is proportional to the applied load as can be deduced from Amonton’s laws of friction. 
Archard suggested the following relationship between contact area, A, and load, W: 
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 nWA  2.10 
where n varies from 4/5 for a surface consisting of a number of spherical protuberances of 
large radius, to n=44/45 for a surface with three suggested sizes of superimposed spherical 
asperities (R3«R2«R1). Hertzian theory of the deformation of a single spherical protuberance 
pressed against a flat plate states that the contact area A is A=kW2/3. Thus, the total contact 
area, A, becomes nearly proportional to the load as the number of individual contacts 
increases. 
Perhaps the most commonly quoted and used stochastic contact model is due to 
Greenwood and Williamson [6]. They presented a model to calculate the real contact area 
and pressure for rough surfaces having Gaussian distribution of asperity heights which, 
according to the authors, most engineering surfaces exhibit. They considered the probability 
for the number of asperities in contact and assumed that the average asperity contact area 
is constant and independent of load (increasing the load will make some asperity contacts 
grow, but at the same time, small new asperities come into contact). Greenwood and 
Williamson indicated that the contact behaviour could be determined with just two material 
properties: the hardness, H, and the equivalent elastic modulus, E*; and two topographic 
parameters: the standard deviation of the asperity peak height distribution, σGW, and the 
radius of curvature of the spherical asperity peaks, rasp. The asperities were assumed to be 
hemispherical with uniform radius of curvature. They suggested the introduction of a 
‘plasticity index’, which would indicate the load limit at which the deformation goes from 
being predominantly elastic to having a significant number of asperities going plastic within 
the contact. They expressed the plasticity index,  as: 
 
asp
GW
rH
E *
  2.11 
When is less than 0.6, plastic contact will only occur if the applied nominal pressures are 
very high, however, if is exceeds 1.0, plastic flow will occur at any nominal contact 
pressure. The model also successfully predicts near proportionality between the load and 
real contact area, hence was in keeping with what might be expected from the friction laws. 
In 1967, Greenwood [7] used a probabilistic model and showed that the general shape of 
the contact pressure field for high loads or smooth surfaces agreed very closely to Hertzian 
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theory. However, for the cases of low loads or very rough surfaces, the pressure distribution 
changes drastically and becomes considerably lower and spreads over larger area. This 
approach showed that, even when introducing simple ideal roughness, the contact 
conditions change quite considerably. 
Whitehouse and Archard [8] made further improvements on these statistical models by 
introducing the correlation distance, β*, in their description of roughness. This replaced 
Greenwood and Williamson’s, rasp, and is derived from the autocorrelation function (ACF). 
The plasticity index could then be defined as: 
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By introducing the correlation distance, the assumption of constant radius of curvature of 
asperity tips can be relaxed and therefore, the rough surface can be described more 
accurately. Furthermore, the interaction between neighbouring asperities was 
acknowledged. If the distance between two points in contact exceeds 2.3β*, the 
deformation of the two contacts can be seen as independent events. By using only two 
parameters, σ and β*, the statistical distribution of all significant geometric values of the 
surface profile can be obtained. Whitehouse and Archard limited this definition of the 
plasticity index to be valid only for rough surfaces with Gaussian distributions. Onions and 
Archard [9] later compared the results from Whitehouse and Archard’s model to those of 
Greenwood and Williamson. They also introduced a third intermediate model that uses the 
asperity height distribution as defined by Whitehouse and Archard but where asperities 
have a constant radius as in Greenwood and Williamson’s model. They compared mean 
pressure to separation and mean pressure to load and showed that the results from 
Greenwood and Williamson’s model differed vastly from those from Whitehouse and 
Archard’s model and from those of the intermediate model, suggesting that the assumption 
that the asperities have constant curvature has a major influence on the results. For 
example, by using the Greenwood and Williamson’s model the mean pressures will be 
significantly underestimated. 
McCool [10] presented a comparison of the Greenwood and Williamson model with two 
more complex general isotropic and anisotropic models to investigate its validity. He 
showed that the model gives good estimates for the real area, the number of contacts and 
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nominal pressure, for a contact between rough surfaces with a smooth flat plane. Kotwal 
and co-worker [11] studied surfaces of magnetic storage disks and argued that these types 
of surfaces, together with many other engineering surfaces, are highly non-Gaussian and 
therefore most previously models mentioned in this chapter would be inappropriate to use. 
They substitute a non-Gaussian probability density function into the classical Greenwood 
and Williamson model, to account for such surfaces. 
Another approach to solve the problem is taken by Dundurs and colleagues [12] who used 
statistical representations of the surface to model the contact problem between elastic 
bodies with wavy surfaces with help of Papkovich-Neuber potentials. With this statistical 
model, they showed that surface irregularities strongly affect stresses in the bodies. 
Other techniques can be used to solve the contact problem. Johnson and co-workers [13] 
among others, have used the variational principle of minimisation of the complementary 
energy, and in conjunction with Fourier transforms to calculate the stress distributions in 
elastic solids. The approach will be discussed in more detail in later chapters. 
The Finite Element Method can also be used and that was the method of choice of 
Komvopoulos and Choi [14] who considered an elastic half space (plane strain) being 
indented by a rigid rough surface having a finite number of regularly spaced cylindrical 
asperities. 
The problem of scale dependant roughness parameters can also be overcome by fractal 
analysis of rough surfaces. Fractal characterisation identifies and characterises the order 
behind the disorder of a random surface roughness. This method has been used to analyse 
rough surfaces by Majumdar and Bhushan [15] and Ganti and Bhushan [16] and others. 
Although the fractal models are unable to provide specific information about the contact 
behaviour of particular real asperities, these methods have been used to produce surfaces 
which can then be analysed numerically which then permits analyses of individual asperity 
contacts. 
2.2 Description of Rough Surfaces 
In order to determine statistical roughness parameters from surface measurement data, 
some form of filtering is usually required which can introduce some degree of error if care is 
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not taken. Hence, appropriate filtering must be chosen to suit the problem being 
considered. 
A further model for rough surfaces was introduced by Nayak [17] who used the Power 
Spectrum Density (PSD) function to describe a random isotropic Gaussian surface. This 
function, like the ACF, does not assume constant radius of curvature of asperities. Nayak 
observed that only three surface parameters were needed to fully describe an isotropic 
surface: namely the moments m0, m2 and m4 of the power spectral density function, which 
correspond to the mean square height, i.e. the variance of the height distribution (m0), the 
variance of the slope distribution (m2), and the variance of the curvature distribution (m4). 
He also showed that the curvature of the asperities is a function of their height. 
Bush and his colleagues [18] also used the PSD function and the ACF to describe a rough 
surface. Instead of spherical asperity peaks, they viewed the peaks as elliptical paraboloids 
with the same height and curvature as the summit of the asperity. Contrary to previous 
mentioned authors, Bush acknowledged that a lot of engineering surfaces display a degree 
of ‘lay’ and are therefore anisotropic and adjusted his model to take this into account. He 
described the anisotropic surface with five parameters: RMS roughness, two principal mean 
square slopes and two principal mean square curvatures. 
In 1978, Sayles and Thomas [19], made a very important contribution on the subject with 
their work on real surfaces. They were the first to not make any assumptions about the 
geometry of the asperity summits but instead base their roughness surface definitions 
purely on profilometric measurements. They highlighted that the characteristics of an 
engineering surface differs with position along the surface or sampling length and therefore 
real surfaces cannot be treated as stationary random surfaces. A year earlier, Sayles and 
Thomas [20] had suggested the structure function S(τ) instead of the ACF to describe an 
anisotropic rough surface, since the ACF does not cope well with non-stationary mean 
values. The autocorrelation function is defined as: 
 ACF(= E[y(x)y(x+)]  2.13 
and the structure function  
 S()= E[[y(x)-y(x+)]2] 2.14 
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Where y is the peak height value, x is the position along the profile and E stands for 
expected value.  is the length interval between the sampled peak heights. Thus, owing to 
the definition of the structure function, it is not necessary to know the value of RMS at the 
origin, as in the case of ACF, to determine the function at any value of τ. This also allows the 
structure function to deal with non stationary roughness/topography when values of s() 
are not asymptotic to some constant value of 2σ2. 
The stochastic models described in this section provide closed-form analytical solutions and, 
even though the surfaces are simplified by statistical representations of the surface 
roughness, they still show that a rough contact does significantly alter the real contact area, 
the contact pressures and the contact stresses, and therefore the effect of the roughness 
cannot be neglected. To address the need to deal with real sampled data without making 
any assumptions about the shape and or distribution of the asperities, contact models 
moved towards numerical methods. However, these types of models require a large number 
of computations and therefore these methods were initially limited by the processing power 
of available computers. Nowadays such computational constraints are no longer an issue. 
Numerical contact mechanics models are reviewed in the next section. 
2.3 Numerical Contact Models 
A rough surface contact problem is a statically indeterminate problem where neither the 
contact area nor the contact pressure is known a priori. Numerical contact models utilise 
various approaches to solve for a full rough surface contact, such as ‘Matrix Inversion’ or 
‘Direct’ method [e.g. 21, 23], Variational Principle [e.g. 29, 32], Multi-Level Multi-Summation 
(MLMS) methods [e.g. 37, 38] as well as the Finite Element methods (FEM) [e.g.14, 60]. 
Most of these rely on a basic solution or an influence coefficient, relating pressure at one 
point to the displacement at another point. Such relations exist in closed form for 
homogenous bodies but more complicates cases, for instance layered contacts, techniques 
such as Fourier integral transforms are needed to obtain the influence coefficients. 
2.3.1 Rough Surfaces 
Many authors have concluded that a rough surface creates a lot of smaller contact points 
with maximum peak pressures much higher than those obtained by Hertz, which leads to an 
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overall real contact area much smaller than for the smooth case [e.g. 24, 33]. This fact 
makes it vital to include the surface roughness effects when simulating the surface contact 
behaviour. 
A description of the two-dimensional rough contact problem will be given here, but an 
extension to a three-dimensional representation is easily obtained and will be described in 
Chapter 3. 
A section through the contact of two rough surfaces, as depicted in Figure 2.3, contact only 
occurs at a number of points where the individual asperity height interact. To be able to 
account for the true contact area the rough surface is discretized into a number of 
elements; preferably with a spacing coinciding with the sampling interval used when 
measuring the real rough surface.  
 
Figure 2.3 Illustration of the pressure patches caused by the asperities in contact. 
The pressure on each element is treated as a constant. The fundamental equations 
describing the relation between the applied load and the displacements, u, at all points, 
taking into account the interaction of all contacting points, are solved and can be described 
with: 
 
jij
n
j
i pau
1
  2.15 
where aij (referred to as an ‘influence coefficient’) is the deflection at point i due to a unit 
pressure p acting at j. To account for deformations and pressures at all points, the problem 
is expressed in a matrix form, called the influence coefficient- flexibility or deformation 
matrix: 
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      PAU   2.16 
where [U] describes the displacement field, [A] is the influence coefficient matrix and [P] 
contains the pressure field. 
The solution to the set of Equations 2.15 is sought subject to compatibility and boundary 
conditions. Since the problem is non-deterministic, neither the pressure nor the 
displacement field are known beforehand, an iteration scheme is set up to solve for the 
overall contact problem. Before exiting the iteration loop, checks are made to ensure that 
the sum of the predicted pressures, p, over the contact area, A, equals to the input load, P, 
as stated in Equation 2.17.  
   A dxxpP  2.17 
If this condition is not fulfilled, the deflection is increased or decreased until the integral of 
the pressures equal the load. 
As mentioned earlier, there are various ways to solve this problem. Following is a brief 
description of the most common approaches. 
2.3.2 Matrix Inversion Method 
The method has also been called the “direct method” but Johnson [3] referred it as the 
“matrix inversion method”. Since the problem is statically indeterminate, the geometrical 
overlap of the two contacting bodies is used as a first guess of the surface deformations. 
These deformations and the pressures are related by Equation 2.16 hence the influence 
matrix must be inverted to solve for the pressures. All negative pressures are set to zero 
since tensile traction is not allowed. The iterative process is repeated until the contact 
conditions are satisfied. 
With this approach, Webster and Sayles [21] published a significant paper where they 
presented their frictionless, elastic rough surface contact model. They used Timoshenko’s 
two-dimensional plain strain solution for vertical displacements due to any applied pressure 
distribution to obtain the influence coefficients [22].They defined the displacement, W(x), 
as: 
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where E and  is the elastic modulus and the Poisson’s ratio respectively , A is the contact 
area, P(x’) is the contact pressure, x’ is the local horizontal coordinate system and d is a 
vertical distance from the origin, such that the vertical displacement at that point may be 
assumed to be zero. The “matrix inversion” method was then used when solving Equation 
2.16 for surface pressures and the inverse of matrix A was found through application of 
Choleski factorisation which requires computational effort of O(N
2
+N), where N is the 
dimension of the matrix . Their model was verified against Hertz’s solution for smooth 
bodies. The iteration process mentioned in the previous paragraph was used to solve for the 
full contact. Their model does not only deal with real surfaces, i.e. not making any 
simplifications regarding asperity shape, probability of asperity heights, slopes and 
curvatures, but also takes into account the interaction between asperities. Some difficulties 
remains though, sampling interval and sampling length must be decided which requires 
prior knowledge of the topography. 
West and Sayles [23] extended this work to be valid for a three dimensional contact and 
simulated the contact of several engineering surfaces and surfaces with debris indentations 
and showed the resulting contact patch and the pressure distribution. West and co-workers 
[24] continued this work by expressing the surface roughness in terms of the r.m.s 
roughness  and the correlation length,  and used these parameters to relate the 
characteristics of the surface roughness to the surface stresses and sub-surface stresses 
created around debris indentations on rolling element bearings. They showed that by 
increasing  and keeping the  constant, the real contact area increases and a subsequent 
reduction in local asperity stresses will appear. Reducing the , and keeping the constant 
has the similar effect. Later, Poon and Sayles included anisotrophacy [25] and further 
developments were done by Bailey and Sayles [26] who added tangential loading of the 
surface so that their model could account for friction rather than just a normal load. 
The matrix inversion method is also used by Ju and Zheng [27] who applied a “partial 
flexibility matrix store method”, in order to minimize storage requirements and to increase 
the calculation speed. In this method the number of influence coefficients is reduced by 
only storing one set of coefficients with the same relative positions. In addition to this, the 
authors further simplify and reduce the number of points stored by giving points far away 
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from the contact interpolated values. They claimed that the interpolation will only introduce 
a new error of 0.01% if the end matrix is bigger than 29 x 29 points. Also, an under-
relaxation method was used in the iteration to speed up the process. 
Snidle and Evans [28] took a somewhat different approach where, instead of treating the 
surface overlap as known displacements and thereafter obtaining the corresponding 
pressure distribution, they used the overlap values to modify an assumed pressure 
distribution by means of an empirical formula. Both methods need an iteration process but, 
since the matrix inversion is avoided, this method provides a quicker computation. 
Chang and Gao’s numerical model [29] follows the same approach as those above but 
differs from other works by calculating the pressure individually at each surface location, 
instead of the more common way where the surface pressures at all locations are calculated 
simultaneously solving a system of equations. In an iterative scheme he corrects the 
guessed pressures until they converge. In this way, he claims that the method is as easily 
applicable to three-dimensional surfaces as to two-dimensional ones. 
2.3.3 Variational Principle 
Among other approaches to solve the rough contact problem, the variational principle can 
be used, where the basis of the formulation is that the true contact area and pressure 
minimize the total complementary energy as long as the contact pressure is positive 
everywhere. The complementary energy can be written as  
   SE dShpUV )(
**   2.19 
Where S is the surface that p acts on and UE
* is the internal complementary energy of the 
two bodies and h is the gap between the bodies and  is the rigid body movement. The 
equation can then be discretized and the values of p that minimizes V* can be found by 
using quadratic programming [3]. 
Kalker and Van Randen [30] contributed to the subject with a numerical method based on 
the variational principle to find the contact area and contact pressure applicable to an 
arbitrary contact geometry. The method was valid for non-frictional contacts and for both 
linear and non-linear elasticity. The pressure distribution was discretized into a triangular 
mesh, where the pressure is assumed to be linear inside each triangle. The accuracy could 
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be improved by refining the mesh, which was necessary at the edge of the contact to 
accurately describe the pressure distribution at these points. The total normal displacement, 
W, at a point, i,j, due to pressures Pj at all other points can be expressed as: 
 
),(:
,),(
ii yxallj
jjiii PWyxW  2.20 
where i and j are point indices in x and y direction.   
This connection between mathematical programming and the normal contact problem was 
also discussed in a paper by and Conry and Seireg [31]. 
Kalker [32] has also applied the variational principle to solve for the contact problem but 
included friction with or without slip. Seabra and Berthe [33] used this principle in their 
work were they first considered a regularly wavy surface and then adopted the method to 
real rough surfaces. As many others they concluded that a rough surface creates a lot of 
smaller contact points with maximum peak pressures much higher than the Hertzian ones, 
which leads to an overall real contact area much smaller than for the smooth case. 
Tian and Bushan [34] also opted for this method arguing that the matrix inversion method 
can become ill-posed, or even fail to converge, for contact problems with a large number of 
contact points. They used the Gauss-Seidel iterative method to solve the equations, showing 
significant improvement in computational efficiency and numerical stability. To find the 
minimum of total complementary energy, Stanley and Kato [35] and Ai and Sawamiphakdi 
[36] exploit the fact that the gradient of the target function is easy to calculate when solving 
large systems of linear equations and therefore used a Conjugant Gradient Method, GGM as 
an iterative method. Applying the CGM would improve the convergence rate and speed up 
the computation. 
2.3.4 Multi-Level Multi-Summation Technique 
When dealing with real rough contacts, the influence coefficient matrices can become very 
large, and therefore the computational time increases significantly. The Multi-Level Multi-
Integration technique (MLMI) also called Multi-Level Multi-Summation technique (MLMS), is 
constructed so that points far away from the contact are interpolated on a coarser grid (the 
kernel is generally fast declining), while, close to the contact, and especially at the contact 
edges where the resolution has to be higher, the mesh is refined. These models are claimed 
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to be faster, due to the lower number of calculation points involved, while the accuracy is 
only slightly decreased. This technique was first applied to a rough dry surface contact 
model by Lubrecht and Ioannides [37] who utilised the method described by Brandt and 
Lubrecht [38]. Later, Polonsky and Keer [39], combined the MLMS technique with a CGM 
based iteration scheme to increase the efficiency of their model. The same authors [40] 
observed, as others before them that the FFT is strictly applicable to periodic contact 
problems and, when implemented in non-periodic contact such as rough surfaces, a 
“periodicity error” is introduced. They applied a MLMS based periodicity correction 
procedure to the FFT algorithm to enhance the accuracy of the model. The model was only 
slightly slower than the original FFT based simulations but the accuracy of results was much 
improved. In another study Polonsky and Keer [41] compared the accuracy and the 
computational time of a MLMS and a FFT model and concluded that MLMS was the more 
accurate and faster method of the two. 
2.3.5 Finite Element Methods 
The Finite Element technique may be the first of the alternative approaches to be applied to 
numerical contact analysis. The Finite Element Methods (FEM) divides the surface into a 
finite number of small elements which define computation nodes. Deflection and pressures 
at each node are computed through iterative process with the variation between nodes 
being piecewise linear. Loading conditions are applied at the appropriate nodes. The FEM 
formulation then consists of a system of linear algebraic equations for the load-
displacement relations: 
 Ku=f 2.21 
where K is the stiffness matrix, u is the displacements and f the load matrix. Solving the set 
of equations directly yields the solution of the displacement field. 
Francis [42] analysed a plane-strain frictionless contact of two anisotropic rough surfaces 
using a Finite Element Method. The Gauss-Seidel method was used in an iterative process to 
obtain the pressures. To verify the accuracy of his model, Francis [43] compared his three-
dimensional results for a sinusoidal surface loaded against a smooth half space to those for 
the analytical sinusoidal solution first obtained by Westergaard [4]. 
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FEM can be used very successfully for obtaining estimates of stresses and deformations on a 
macro scale for many contact geometries especially in cases of complicated material 
behaviour such as non-linearity and anisotropy. However, although the method has been 
used to simulate rough contacts, it is computationally very inefficient when applied to real 
rough surfaces as a very large number of nodes are needed to accurately describe the 
roughness. Therefore, other methods described in this section are generally preferred for 
rough surface contact analysis. 
2.3.6 Fourier Transforms 
Fast Fourier transforms, FFT, are widely used in rough contact analysis to speed up the 
process. Using the direct method to relate the pressures and deformations in the spatial 
domain requires O(N2) arithmetic operations,  where N is the dimension of the matrix. 
When using the FFT technique, the contact problem is transformed into Fourier space 
where the same relationship can be expressed as a closed form solution and the required 
number of operations decreases to O(N log N). This method is therefore most powerful for 
problems with a large number of points. The result can then easily be transformed back to 
real space through application of inverse Fourier transforms. 
Amongst the authors who first utilized the Fast Fourier Transform technique in their model 
were Ju and Farris [44], who applied spectral analysis to get an algebraic relation between 
the contact pressures and the surface displacements. They noticed that a loss in high 
frequency components leads to significant error of the pressure distribution in the real 
space, while the displacements and load is hardly affected at all; therefore sampling the 
solution in the Fourier domain at the right intervals is vital. In contrast, when the 
displacements are calculated from a given pressure, it is the low frequencies that are 
important. If combined with the CGM as done by Nogi and Kato [45], Stanley and Kato [35] 
and Hu and colleagues [46], the algorithm can be further improved by implementing an 
efficient iteration scheme. 
Polanski and Keer,[40] as many others, understood that the use of Fourier transforms is a 
very powerful technique to use in contact problems, since the expressions for the influence 
coefficients for a layered body can be expressed in a closed form. However, they also 
acknowledged that the technique is only valid for periodic contacts. Since most rough 
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surface contacts are non-periodic, a periodicity error is introduced, which is even larger for 
sub-surface stresses generated in deep material layers. Other authors have solved this by 
increasing the frequency window to at least twice the original domain size. Polonsky and 
Keer claim that for the accuracy to remain the same as when using a FE method, the grid 
must be extended even further - at least eight times the original size. This of course 
increases the CPU time considerably. Instead of increasing the window size, they suggested 
an alternative error correction based on Multi-Level-Multi-Summation technique, which 
only moderately increases the CPU time. 
Liu and co-workers [47], studied the source of the periodicity error, and showed that by 
increasing the frequency window by zero padding to at least twice the contact size at the 
same time as sampling with sufficiently small interval, the error could be reduced. 
So far this section has focused on contact models for homogenous materials. With the 
increased use of surface coatings in tribological applications, a number of authors have 
developed contact models for layered bodies. The earliest of these consider smooth single 
layered bodies while some of the more recent models deal with more complex two-layered 
(multilayered) coating systems and rough surfaces. Given that the topic of this thesis is 
contact analysis of rough multilayered contacts, a more comprehensive review of these 
layered surface contact models is presented in the next section. 
2.3.7  Layered Contact Mechanics Models 
In the cases when one or more layers are added to the contacting bodies, extra complexity 
is introduced to the problem. This is due to the fact that there are no simple algebraic 
relationships between applied load and elastic deformation, which are required to obtain 
the influence coefficient matrix. 
The first developed layered models were very simple and only considered smooth bodies in 
frictionless contact subjected to normal loading. These models could not give a realistic 
description of the contact conditions but gave an indication of how the material properties 
and thickness of the layer would alter the stresses and displacements in the contact. 
The first paper known to the author that describes a model to analyse the contact stresses 
and displacements for a single layered body was developed by Burmister [48] in 1945. He 
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published his analytical model as part of his research for the airport industry which sought 
to improve runway surfaces. His model considers an elastic half space, where the surface 
layer has a finite thickness and the second layer, the substrate, has an infinite thickness. 
Both layer and substrate are assumed to consist of homogenous, isotropic elastic materials, 
thus Hooke’s law is valid. Also, it is assumed that the layers are rigidly bonded to each other, 
ensuring full continuity of stress and displacement across the interface between the layers. 
He based his work on the theory of elasticity for the three-dimensional problem derived by 
Love [49] in such way that the chosen boundary and continuity conditions were satisfied. 
The bodies were subjected to an axially symmetric surface loading. The model is limited to 
the assumption that Poisson’s ratio of all materials was 0.5. Results reveal the controlling 
influence of the ratios of: 
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where r is the radius of the contact area, h is the layer thickness and E1 and E2 are the elastic 
moduli for the substrate and layer respectively. 
Gupta and Walowit [50] provided a significant contribution to the field in their paper from 
1984 where they obtained the pressure distributions for a number of combinations of the 
layer/substrate properties of a single layered body. The layer was assumed to be perfectly 
bonded to the substrate. By expressing the surface displacements and stresses in terms of 
the Fourier transform, G, of the Airy stress function, and the biharmonic equation, they 
solved the 2-dimensional layered contact problem. The normal displacement at the surface, 
u, was given as: 
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where ν and E are the Poisson’s ratio and Young’s modulus of the layer material 
respectively, ,  and η are the coordinates along and normal to the surface normalised by 
the layer thickness, h, and s is the Fourier variable. The transverse displacement and all 
stress components were expressed in a similar way. The function G, has a form of: 
       ss ehDCehBAG    2.24 
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where A, B, C and D are functions of the Fourier variable, s, and can be determined through 
the application of the boundary conditions. A very significant limitation of this work is that 
the authors assume that: 
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which is only true if a
h
s
is very small. Since a is the half-width of the sampling interval and 
normally around 1μm, the thickness h must be very large for this assumption to hold. 
Considering that most modern coatings are very thin, typically a few micrometers, this 
assumption make the model unsuitable for many modern coated systems. 
Chiu and Hartnett [51] also based their three-dimensional analytical model on the 
Boussinesq solution for displacement and surface and sub-surface stress fields due to 
smooth contact between a homogenous and a layered body of arbitrary surface shapes. 
Once the surface stresses are calculated, the sub-surface stresses were obtained with 
superposition. Their work was concentrated on an aluminium half space with a steel coating 
against a barrel shaped steel roller and considered very thick coatings, around 0.6 to 12 mm, 
which is much thicker than most modern tribological coatings. Their results show that a 
more compliant substrate than layer will soften the contact and produce lower contact 
pressures and larger deformation compared to the case where the substrate has same 
material properties as the layer. When the layer thickness/semi contact width ratio exceeds 
0.1, increasing the layer thickness has larger effect on the deformation than the contact 
pressure and vice versa if the ratio falls below 0.1. In addition, sub-surface stresses were 
calculated and they concluded that a higher layer thickness/semi contact width ratio, result 
in a higher equivalent stress. By obtaining the value of the equivalent stress, they claim to 
be able to predict the onset of plastic yielding in this region. 
Although Cole and Sayles [52] presented a rough surface layered contact model, they also 
carried out several simulations where a smooth cylinder was loaded against a smooth 
surface with varying ratios of the elastic modulus of the surface layer to that of the 
substrate, and at various layer thickness. They produced very useful charts, Figure 2.4  and 
Figure 2.5 relating the contact pressures and deformations for the layered contact to the 
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equivalent homogenous contact, allowing the reader to obtain layered contact predictions 
using standard Hertzian predictions for the smooth homogenous contact. 
 
 
 
Figure 2.4 Variation of maximum contact pressure with layer thickness. The calculated maximum pressure, p, 
and maximum contact width, a, were normalized with p0l and a0l, the Hertzian maximum pressure and contact 
area respectively. = E1/E2 [52]. 
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Figure 2.5 Effect of ratio of layer/substrate elastic moduli on maximum contact width. The calculated 
maximum pressure, p, and maximum contact width, a, were normalized with p0l and a0l, the Hertzian 
maximum pressure and contact area respectively. = E1/E2 [52]. 
The calculated maximum pressure, p, and maximum contact width, a, were normalized with 
p0l and a0l, respectively, which arises from the contact of the cylinder against a half space of 
layer material under the same conditions as the layered contact. 
The graphs clearly show that when the layer is stiffer than the substrate, the contact 
pressure, p/p0j, increases and the contact width, a/a0j decreases. It can also be seen that, as 
the layer thickness decreases, the values of the pressures and contact area tends towards 
those of the uncoated contact. 
Although all authors referenced so far considered smooth contacts, a number of single 
layered rough contact models have been developed. 
Kannel co-workers [53, 54] simulated the contact between rough elastic cylinders with a 
compliant surface coating. The method followed that of Gupta and Walowit [50], i.e. 
assuming a surface pressure element with the Fourier transform of unity, which means that 
the issue of the model not being valid for thin layers remained. They simulated a contact 
with three different surface roughness’s with the same CLA (Centre Line Average), but with 
different skewness and kurtosis. Their results showed that both the height and the spatial 
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distribution of the surface roughness affect the contact pressures, which in turn influence 
the stress distribution. In light of their findings, they suggested avoiding sharp asperities, 
and, as others before them, concluded that a compliant surface coating is beneficiary to the 
reduction of the surface pressure. 
O’Sullivan and King [55] simulated the stress and displacement fields, together with the sub-
surface stresses, for an elastic half-space with a single layer subjected to normal and 
tangential point loading. The solution for the stress and displacements equations were 
obtained by taking the double Fourier transform of the Papkovich-Neuber potentials and 
applying appropriate boundary conditions for a coated contact. By keeping Poisson’s ratio 
constant at 0.3 and only varying the elastic modulus of the layer, they studied the effect of 
the layer on the produced contact stresses. They noticed that the direct stresses in x- and y-
direction and shear stress in z- and x-direction all increased when the contact included a stiff 
layer. The direct stress xx showed a large tensile component at the interface, which can aid 
propagation of cracks at the interface. If a compliant layer were considered, the opposite 
effect could be seen, the maximum shear stress reduced, which is beneficial as maintaining 
a low interfacial shear stress and could help to avoid adhesion failure during sliding contact. 
The contour plots in Figure 2.6 shows that when the layer is twice as stiff as the substrate, 
the VonMises stress increases and significant discontinuities occur at the interface. 
Furthermore, they found that the interfacial shear stress increases when the friction 
coefficient increases and when the differences between the elastic modulus between the 
layer and the substrate increase. 
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Figure 2.6 Contour plots of the Von Mises stress for E1=2E2, the depth, z, is normalised with the layer thickness, h and the 
transverse coordinate, x, is normalised with the contact area for a homogenous case. Friction effects is shown for (a) 
friction=0, (b) friction=0.25 and (c) friction=0.5 [55]. 
An valuable contribution to the single layered models was given by Cole and Sayles [52] who 
made their model to be valid for real rough surfaces. They used the frictionless elastic 
contact model for two-dimensional homogenous bodies produced by Webster and Sayles 
[21] and included a single layer to the solution. The approach follows that of Gupta and 
Walowit’s solution using Equation 2.15 as the kernel function, but removed the assumption 
of the Fourier transform of applied elemental pressure being equal to unity, hence it could 
be applied to thin layers as well as thicker layers. Furthermore, to improve the efficiency of 
the model, the integration interval in continuous version of Equation 2.15 was divided into 
two parts: one from 0 to s
0 
and the other from s
0 
to infinity. This allowed making certain 
assumptions which made it possible for the upper integral for the values of s larger than s0 
to be solved analytically. Cole and Sayles [56] further extended their model to provide a full 
solution for the sub-surface stresses arising from the frictionless coated contacts. The 
stresses in the surface layer and the substrate were calculated via the influence coefficient 
approach and utilised the surface pressure distribution predicted by the model described 
above. Simulations of smooth and rough contacts against a layered body were carried out 
for a stiff and a compliant layer for three layer thicknesses. Figure 2.7 shows how the 
a) b)
c)
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magnitude and depth of the maximum VonMises stress in the layer and substrate vary with 
layer thickness and elastic modulus. The results are normalised with those from a 
homogenous contact under the same contact conditions as for the layered one. By studying 
the figure it was obvious that, when introducing a layer into the rough surface contact, the 
layer material properties and thickness have a crucial role in the amplitude and position of 
the maximum sub-surface stress. This information is of highest importance since, if 
maximum stress occurs at or near the interface between the surface layer and substrate, 
the risk of contact failure through mechanisms such as delamination and fracture is 
increased. 
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Figure 2.7 Variation of maximum VonMises stress in a) layer and c) substrate with =Elay/Esubs. Variation of 
depth of maximum VonMises stress in b) layer and d) substrate. Contact conditions: cylinder diameter = 
20mm, applied normal line loading was 0.1N/m, E2,3=200GPa, =0.3 thus p0s=0.59GPa and 
a0s=107.64micrometers [56]. 
a) b)
c) d)
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In 1997, Nogi and Kato [45] presented a model to simulate a three-dimensional contact 
between a rigid indenter with real measured roughness and a coated elastic half-space with 
a single layer. They also obtained the influence coefficient matrix in the Fourier domain and 
utilised the CGM in their iteration process to reduce the computational time. In addition to 
calculating the contact pressure and deformation, the sub-surface stresses in the layer and 
in the substrate were estimated for different layer thicknesses and surface roughness and, 
as may be expected, they concluded that the limits for an elastic contact strongly depend on 
both the layer thickness and surface roughness. 
Kadiric and co-workers [57] used the Cole and Sayles single layered two-dimensional contact 
model to relate the surface roughness characteristics of real machined surfaces to the 
surface and sub-surface stresses for a stiff and a compliant coating. They analysed real 
surfaces and then related the root mean square roughness, σ, to represent the height 
variation, and the correlation length, β*, to represent the spatial structure to the predicted 
stresses. In order to avoid random surface effects, the ten largest maximum shear stresses 
were recorded and an average was calculated. As well as confirming previous findings of the 
effect of introducing a layer to the contact, they were able to show a linear increase in 
maximum average stress with increasing σ/β* for both compliant and stiff coating. 
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Figure 2.8 The average of the 10 biggest maximum shear-stress regions found in the layer, normalized by Pos , 
and plotted against the ratio of r.m.s roughness/correlation length () for 5 mm hard and soft coatings. 
Loading applied is equivalent to a maximum smooth surface Hertz stress (Pos) of 1 GPa for a steel-on-steel 
contact, which produces a Hertz semi-width of 180 mm [57]. 
They also detected a trend of increasing depth of stress with increasing correlation length 
which could be seen when variations of both coating material and coating thickness were 
studied. 
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Figure 2.9 The average depth of the 10 biggest maximum shear stress regions found in the layer, normalized by 
the layer thickness h, and plotted against the correlation length *, normalized by the Hertz semi-width a, for 
a 5 and 25 mm hard coatings. Loading conditions as previous figure [57]. 
In addition to this, a strong relationship was identified between the average depth of 
maximum shear and the number of asperity peaks in contact. 
Liu and colleagues [47] published a paper were they evaluated the accuracy and efficiency 
of the discrete convolution – FFT (DC-FFT) method to solve for the single layered contact. 
They highlighted the source of errors and investigate methods to avoid the errors and 
improve the efficiency. They claim that, by using the right Nyquist sampling rate and the 
right window size, including zero padding, the periodicity errors can be kept very small 
within the contact. A comparison of five different combinations of methods to solve the 
problem, such as FFT, FEM etc is presented with the conclusion that the DC-FFT route is the 
most accurate and efficient method Two years on [58], Liu and co-workers used a slightly 
different route to the one suggested in previous paper. This time they used the route of DC-
FFT/Influence coefficient/conversion. They claimed that the new conversion method for the 
influence coefficients from a known frequency response function is an effective approach to 
solve the elastic contact problems where Green’s functions are not available. The formulas 
derived in this paper and the DC-FFT algorithm are used to compute the VonMises stress in 
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an uncoated and a coated half space subjected to roughness-induced irregular tractions 
with greatly reduced computational burden. The stress analysis considers the effect of 
surface irregularity, the pressure and shear tractions, and the existence of a coating layer. 
Peng and Bhushan [59] further developed the two dimensional homogenous model of Tian 
and Bhushan [34] into a three-dimensional single layered rough surface contact. The model 
follows the approach of minimizing the total complementary potential energy. The authors 
argued that, since the influence coefficient matrix for a layered body in some cases becomes 
a non-positive definite and can therefore cause non-converging problems, it is better to find 
the minimum of the complementary potential energy equation by a ‘quasi-Newton’ 
method. Their results relating the contact stresses to coating properties are in agreement 
with the other works presented here. 
Komvopoulos and co-workers [60] followed the Finite Element method to simulate a 
lubricated smooth layered contact. They studied the significance of layer thickness, friction 
and the magnitude of normal and tangential load on stresses. They compared their 
theoretical results from the model with experiments on steel and titanium samples, 
uncoated or coated with Titanium. The layer thicknesses were measured to be 0.8, 0.2 and 
0.02 microns. Using these experimental results they concluded that the layer thickness and 
the ratio of the elastic modulus of the surface layer and the substrate, surface traction 
(normal and tangential) and friction conditions (lubricated/non-lubricated) affects the 
efficiency of the Ti coated surfaces in reducing friction and minimising the surface damage. 
Later, Komvopoulos continued this work with Choi [14] were they assumed a plane-strain 
contact problem of an elastic half-space indented by a nominally flat rigid surface. They 
created a rough surface with regularly spaced asperities and examined the significance of 
the number and spacing of the asperities. Their study supports the statement of Kannel and 
colleagues [53], [54] that the spatial distribution of asperities does affect the subsequent 
stress distributions. 
Lovell [61] also used the FE method to solve for the deformation of an elastic homogenous 
cylinder in normal contact with transversely isotropic coated surfaces. A problem Lovell 
came across was that, even though he only considered smooth contacts, the mesh near the 
contact region needed to be extremely fine to adequately describe the stresses and 
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displacement within the layer and discontinuities along the interface of the surface layer 
and substrate. This indicates that multilayered or rough surface FEM models would need a 
very large number of nodes, resulting in unacceptable computing times. On the other hand, 
an important advantage of FEM is that it can be applied to both elastic and elastic-plastic 
contacts. A large number of simulations were run, so that the combination of material 
properties of cylinder, surface layer and substrate, coating thickness, load and cylinder 
radius could be evaluated. A curve was fitted, resulting in following expressions;  
For the normalized maximum normal stress, nq , 
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where  is a dimensionless coating parameter 
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Where 12, E33, G
c and t is the Poisson’s ratio, elastic modulus, shear modulus and thickness 
of the coating, respectively, and Esub is the elastic modulus of the substrate. P is the normal 
load and Rcyl and Ecyl is the radius and the elastic modulus of the cylinder. 
Schwarzer [62] presented a somewhat unique mathematical approach where the layered 
contact was solved through the method of image charges of potential theory. 
An analytical solution for the single layered smooth surface contact problem has been given 
by Dundurs [63], where he uses non-dimensional parameters to classify the material 
property mismatch effects in layered contacts, particularly in relation to induced stresses. 
The definition of the “Dundurs parameters” is equally valid for frictionless slip at the 
layer/substrate interface as it is for full adhesion. These parameters are defined as; 
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and the subscripts 1 and 2 refer to the substrate and layer respectively. 
The parameters, α and β, express the differing material moduli and Poisson’s ratio effects, 
and range between: 
 1111   and   
Positive values of α represent a stiff layer relative to the substrate, and negative values have 
the opposite meaning. The parameter β is also related to the moduli, but is more sensitive 
to Poisson’s ratio differences. 
2.3.8 Multilayered Contact Mechanics Models 
The previous section focused on single layered contact models but in recent years, modern 
coating deposition techniques have allowed multilayered coatings to be deposited. By 
carefully selecting the material properties of each coating such multilayered structure can 
allow for the optimisation of contact stresses and deformations as well as coating adhesion. 
To deal with such complex contacts, some authors have produced numerical models for 
multilayered contacts. This section will review the current works on contact models capable 
of dealing with more than one layer. 
The numerical algorithms for such models can become very complex with the increasing 
number of layers, particularly for rough surfaces, and most published works limit their 
analysis to two layers only. Even those that claim to have no limitations on the number of 
layers only show results for two layers and there seems to be a lack of published work that 
provides guidance in terms of possible optimisation contact mechanics through use of 
complex true multilayered structures. 
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Chen [64] extended the single layered model by Burmister [48] to be valid for up to two 
layers, utilising Fourier integrals to be able to simulate a smooth point contact. He 
formulated his problem so that the deflection and stress for points inside and far outside 
the contact area could be expressed with two separate terms of two harmonic functions 
which can be written as Fourier type integrals. In addition, two separate equations for the 
surface layer and the second layer and the substrate were considered. With this method, he 
could model layers as thin as 1/50 of the semi contact semi width. Results were presented 
for a number of combinations of layer thickness and material properties. The same 
conclusions could be drawn from the two layered contact as for the single layered contact; 
the thinner the layers the smaller contribution to the contact pressure distribution and the 
stresses. If the intermediate layer is thick enough, it will act as a half space and the 
pressures and stresses will mostly (or completely) depend on the material properties in this 
layer. Chen also discovered that the Poisson’s ratio in the lower layer does not have a 
significant effect on the contact area, unless the top layer is very thin. 
Elsharkawy and Hamrock [65] used the solution by Gupta and Walowit [50] to develop a 
model that analyses a dry sliding line contact between two smooth elastic bodies coated 
with a number of thin layers, both bodies possessing the same layer system. The general 
solution for a plain strain contact problem was expressed in terms of Fourier integrals. They 
introduced a contact eccentricity value, e, in order to couple normal and tangential loading. 
If the contact is frictionless, the value of e should be equal to zero. For two elastic bodies 
with circular profiles within the contact area, the total elastic deformation, u, after loading 
can be expressed as: 
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where subscripts a and b refer to the two bodies, δ0 is the deflection at the centre of the 
contact, R is the effective radius and x is the transverse coordinate. 
In order to obtain more accurate results, they assumed a linear pressure approximation 
over each element rather than the much more common uniform pressure approximation. In 
theory, this is computationally slower, but if the equivalent accuracy is sought using the 
uniform pressure approximation, a finer mesh is required, which in turn negates any 
efficiency effects arising from different pressure element shapes. Additionally, in order to 
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further increase the accuracy, their model used a variable mesh size during discretization of 
the surfaces, with a more dense mesh near the edge of the contact where the surface 
pressures change more rapidly. Of course, this further increased computational times. Two 
cases of coated steel cylinders were studied. In the first case the cylinders were coated with 
a single stiff layer, and in the second case the cylinder had two coatings, a compliant layer 
on top and an intermediate stiff layer underneath. In the case of two layers, the combined 
layer thickness is equal to the thickness of the stiff single layer example. For the case with 
two layers, the friction increased the contact area but reduced the maximum contact 
pressure. Also, the centre of the contact moved in the direction of the applied tangential 
load. For the case with a single stiff coating, the friction had negligible influence on the 
contact area and maximum pressure; however, the location of the centre of the contact 
after loading is affected and moves in the opposite direction to the applied tangential load. 
However, it should be noted that their analysis was only performed using high friction 
coefficients (0.5) and thick coatings. Although the theory was described with multiple layers, 
they only presented results for bodies with one or two coating. 
The exact same procedure described by Cole and Sayles [52] in their paper regarding a two-
dimensional dry contact of two elastic bodies with real rough surfaces was used by Mao and 
his colleagues, but they included a tangential stress at the surface to their model. Although 
the theory is shown to be valid for a multilayered contact, they only simulated results for a 
single layered body [66] and for a two layered body [67]. The cases simulated were: a single 
soft coating, a single hard layer, and in the later paper they added a Fe4N coating in 
between a TiN surface coating and the steel substrate. The authors’ conclusions regarding 
the effect of a single surface coating are in line with previous studies. They showed that, by 
introducing friction, the pressure peaks are increased and moved in the direction of the 
tangential force. This is true for both hard and soft coatings, but the effect is less 
pronounced for the case with the hard coating. These results are in contradiction to the 
ones presented by Elsharkawy and Hamrock [65] who showed that a compliant layer moves 
the pressure peak in the opposite direction to the applied friction. In the case of a two layer 
coating, they showed that the maximum stress distribution of rough surface contact can be 
seen to be reduced by almost half compared to the case with only the TiN coating, 
concluding that a intermediate Fe4N coating can be considered to be a stress barrier. 
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A similar approach to the model presented in this work was made by Plumet and Dubourg 
[68]. They developed a semi analytical three-dimensional model that considers a smooth 
elastic multilayered body against an elliptical rigid body (partial sliding, rolling/sliding 
conditions). The model deals with the applied normal and tangential loads as uncoupled 
problems and solves them in turn. They used the equilibrium and biharmonic equations 
together with the stress-displacement relationship to find the influence coefficient matrix in 
Fourier space. Expressions for both interfaces (upper and lower) of the layer are expressed 
separately and are used to form the influence coefficient matrix. The model does not have 
any limit on layer thickness. Sub-surface stresses are obtained by super-positioning of the 
stresses induced by all pressures and tractions at the surface. They compared their 
computational time to similar work done with FEM and came to the conclusion that using 
Fourier transforms cuts the CPU time by more than half without compromising the 
accuracy. Since the FFT technique is strictly applicable to periodic contacts, they used a 
window 5 times the contact half width to ensure that periodicity error was minimised. 
However, authors claim that the method is still more efficient than solving the problem with 
FE method. They analyzed a smooth contact for a range of combinations of coatings and 
studied the effect the Young's modulus and layer thickness have on maximum pressure and 
contact area size. As many others, they could confirm that how much the influence the layer 
has, depends on the layer thickness and the material properties. For instance, a more 
compliant layer results in an increase of the contact area but a decrease of the contact 
pressure, as may be expected. The opposite is valid for a stiff contact. Furthermore, if the 
layer thickness is small, the substrate properties will dominate the contact solution, 
whereas for very thick layers the layer properties will dominate. Their focus was to study the 
stress at the layer/substrate interface. They claim that maintaining a low interfacial shear 
stress is important to minimize the risk for delamination and debonding, and that 
debonding can be related to tensile stresses in the interface. They considered a normally 
loaded elliptical indenter and studied the tensile stresses in the interfacial direct stress, xx. 
This stress is not set to be equal in both layer and substrate by the boundary conditions, 
thus a discontinuity at the interface will appear. 
As can be seen from Figure 2.10, a coating interface close to the surface experience mostly 
compressive stresses (a), but as the coating thickness increases the stresses becomes less 
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compressive (b) and when the layer becomes even thicker tensile stresses appears in the 
interface. 
 
 
 
Figure 2.10 Interface study, influence of interface depth (E1/E2=2) on the stress xx , where e is the layer 
thickness and A is the contact area[68]. 
In Figure 2.11, a similar trend can be seen when instead of varying the layer thickness, the 
ratio of the elastic modulus in the layer and substrate is studied. 
 
 
 
Figure 2.11 Interface study, influence of material properties E1 and E2. on the stress xx , where e is the layer 
thickness and A is the contact area [68]. 
Compliant coatings only result in a negligible tensile but, for stiffer coatings on a compliant 
substrate; the discontinuity can no longer be ignored. In order to minimize the tensile 
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stresses in the interface, it is suggested to decrease the ratio of layer thickness and the 
square root of the contact area. Although the model is given for n number of layers, results 
are only given for a single layered case. 
Cai and Bhushan [69], continued the work of Tian and Bhushan [34], and added one or two 
layers to their frictionless three-dimensional contact model for rough elastic- perfectly 
plastic surfaces. The Papkovich-Neuber potentials were used to derive the influence 
coefficient matrices in Fourier space for a multilayered solid and the quasi-Newton method 
was applied to find the contact solution for a minimum complementary potential energy. To 
characterise their generated rough surface with Gaussian height distribution, they used the 
autocorrelation length, *, and the surface height standard deviation,, i.e. the r.m.s. They 
studied how an intermediate stiff/compliant layer between a top layer and a substrate with 
the same material properties would change the maximum contact pressure, surface and 
sub-surface stresses and contact area. If a compliant intermediate layer is used the 
maximum contact pressure, surface and sub-surface stresses decrease and the real area of 
contact remains the same compared to the homogeneous solid. Since small real contact 
areas, low contact pressures and surface and sub-surface stresses, are desirable to minimize 
friction/stiction and wear, they claim that the use of a compliant interlayer can be beneficial 
to achieve both lower friction and wear. A stiff interlayer may also be used since it can 
decrease the contact area with only a slight increase in maximum contact pressure and 
surface and sub-surface stresses. If an intermediate layer with a different elastic modulus 
than the top layer and substrate is considered, the change of contact stresses and contact 
pressures is more moderate than in the case of a single layered contact. The same authors 
later included friction to this model [70]. 
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Chapter 3  
Description of the Three-Dimensional 
Model 
This chapter presents a three-dimensional, semi-analytical model for non-conformal 
multilayered real rough surface contacts.  The model calculates the surface pressures and 
the real contact area as well as surface and sub-surface stresses arising from normal and 
tangential loading. 
The chapter will start by describing the rough contact problem and details of the 
expressions for the relationship between pressure and displacement are given. Next, the 
iterative process to obtain the overall surface and sub-surface solution is described. 
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3 Introduction  
In order to more realistically predict the pressure and stress fields at the surface as well as 
subsurface in rough multilayered contacts there is a need for a contact model that is able to 
deal with the complex nature of multilayered surface with real roughness and no 
restrictions on the number of layers present or contact geometry. This is done by combining 
several different methods to solve the overall problem. The approach in this work is to 
obtain the influence coefficient matrix in Fourier domain by solving the three-dimensional 
displacement and stress field in a solid described by Navier’s generalized equation, in a 
similar way as was done by Plumet and Dubourg [68]. Once the influence coefficient matrix 
is calculated the contact pressures and displacements for the full contact are found through 
an iteration scheme based on conjugate gradient method (CGM) [35]. This semi-analytical 
approach results in a very efficient model. The fact that exact influence coefficients are 
obtained in the frequency space means that the convolution theorem can be used to 
calculate all stresses and displacement throughout the domain in a very efficient manner.  
In the case of a contact of two rough surfaces, the problem can be reduced to that of one 
smooth and one rough surface by considering the composite roughness of both bodies, 
hence the rough multilayered contact problem for which the solution is sought can be 
represented by Figure 3.1. Both the sphere and the coated surface are assumed to be very 
large in relation to the contact area and can therefore be modelled as half-spaces. Linear 
elasticity is assumed in the substrate as well as in every layer. Furthermore, it is assumed 
the material properties are homogenous within each layer, and each layer has a finite 
thickness and is rigidly bonded to the adjacent layer or to the substrate. The substrate is 
regarded as a layer with infinite thickness. The coating layer is assumed to follow the 
original surface roughness profile so that the coating thickness is uniform. This assumption 
is valid for most coatings and deposition processes. 
The potential contact area is divided into a number of square elements of finite width 2lx2l, 
each carrying a uniform contact pressure, pij. Figure 3.1 c) illustrates such a discretization 
patch represented by a unit square pressure, pu, acting on a multilayered half-space. 
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Figure 3.1. A 3-D illustration of the influence coefficients approach to rough surface contact problem. a) One or 
both of the bodies in contact can posses layered structures and the roughness can be present on either or 
both contacting bodies. b) The surface is discretized into square patches having individual contact points and c) 
The fundamental solution for a unit pressure, Pu, on the layered half-space forms the influence coefficient 
The discretization should be such that most individual micro-contacts are described by a 
number of patches to achieve an adequate accuracy. A better accuracy can be achieved by 
increasing the number of patches, refining the mesh, but this will bring more contacting 
points and thus increase the computational time. One such patch is illustrated in two-
dimension in Figure 3.2. 
After dividing the surface into small elements, the contact pressure can be treated as 
constant on each element. 
z
hn-1
Layer 2
Layer 3
Layer n=substrate
h2
h3
y pu pu pu pu
pu
Layer 1
Layer n-1
x
Layer thickness, h1
b)
Layer n-1
Layer n=Substrate
y
x
z
Layer 2
Layer 1
Layer 3
fPu
pu
2l
c)
P
a)
fP
61 
 
 
 
 
Figure 3.2 A simplified two-dimensional representation of a uniform pressure of contact width 2l, acting on a 
layered body. 
The presented model first seeks a fundamental solution for this problem, before 
incorporating it into an overall numerical scheme capable of dealing with a real rough 
contact. This fundamental solution is often referred to as ‘influence coefficient’ or Green’s 
function and it relates the displacement (or stresses) at any point in the body due to 
pressure at any surface point. The approach used in this project follows that described in 
subchapter 2.3.1 where the overall displacement, or stress, S, is the product of the influence 
coefficient , AIC at point i,j and the pressure, P, at all contacting points. 
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where sub indices i and j refer to the x- and, y-coordinates at the surface, and k and l refers 
to the x- and, y-coordinates at a specific depth, m. 
The fundamental solution is applied to each sampling interval separately and then, by using 
superposition, the overall solution is obtained by summing the contribution of all sampling 
intervals. As a result, the current model does not make any assumptions in terms of asperity 
distribution or shape. Furthermore, the model does not restrict the number of layers in the 
coated body, nor makes any assumptions on the indenter geometry. The contact is subject 
to normal and tangential loading and the calculated contact pressures must satisfy the given 
boundary conditions both inside and outside the contact area. 
To obtain the influence coefficient matrix, some fundamental equations must be solved. 
Details will be discussed in the next sub-chapter. 
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3.1 Fundamental Equations 
According to Timoshenko and Goodier [22] the three-dimensional displacement and stress 
field in a solid can be described by Navier’s generalized Equation 3.2 and the biharmonic 
Equation 3.3. Navier’s equation can be written in tensor notation and in terms of 
displacements, u, as: 
 
0)()()()2(
2
2
2
2
2










 ij
k
j
ij
k
l
k
l
j
k
i
ij
k
l
i
k
ik
l
k
l
xx
u
x
u
x
u
  3.2 
for i=1, 3: j=1, 3 and k indicates the coating layer 
The biharmonic equation is defined as:  
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for i=1, 3 
λl and μl are Lamé’s elastic constants according to: 
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where νk is Poisson’s ratio and Ek is the Young’s modulus of the k-th layer. 
Lastly, the biharmonic operator,, has the form: 
 
2
3
2
2
2
2
2
1
2
xxx 







  3.6 
where the subscripts 1, 2, 3 refer to x, y and z-directions, respectively. 
Identical equations can be used for all layers and the substrate given the corresponding 
material properties, Ek and kfor each layer is used. 
3.2 Normalisation Scheme 
The coordinate system and the displacements are defined in dimensionless quantities in 
order to simplify the mathematical complexity of the problem. Hence they are normalised 
by the semi-width of the discretization patch, l, as follows: 
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Expanding Equation 3.2 results in three partial differential equations of the 2nd order for U, 
V and W in three independent variables,  and as: 
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Expanding the biharmonic equation 3.3 for displacement U, gives a partial differential 
equation of the 4th order: 
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In order to simplify the expressions, the index k that indicates the layer number is not 
shown hereafter unless it is strictly needed to identify a specific location within the overall 
coating structure. 
3.3 Solution of the Displacement Field 
Equations 3.8-3.10 are 2nd order partial differential equations in three normalised 
coordinates, , and and must be solved to determine the displacement field. Although 
these equations can be solved numerically, an analytical solution is preferred for its 
mathematical simplicity and accuracy. If transformed to Fourier domain by application of 
Fourier transform, the partial differential equations can be expressed as ordinary 
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differential equations and a closed form solution can then be obtained. However, to 
transform the solution back to spatial domain, the inverse Fourier transform must be 
applied, which is a numerical operation, performed either by numerical integration or by 
application of Fast Fourier Transform (FFT) algorithm, hence a semi-analytical model is 
obtained. 
By performing continuous Fourier transforms in two of the normalised coordinates,  and , 
the above equations can be transformed into four ordinary differential equations (ODE’s), 
which can then be solved analytically. The two-dimensional Fourier transform of U, with 
respect to  and , is defined as: 
To obtain the transform of the derivatives, integration by parts is applied and the general 
expressions for the transforms in the  and  directions become: 
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Where n is the order of the differential and s and r are the Fourier transform variables. 
By applying the above transforms to equations 3.8 to 3.10, a set of ODE’s in -direction, for 
each individual layer, k, can be expressed as: 
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Consequently, the biharmonic equation can be written as: 
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Assuming that 
UmeU 
~~
 is the complementary function of Equation 3.18, the appropriate 
values of mU which satisfy the equation can be found. This gives the general solution: 
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Substituting the obtained solution for U
~~
 into equations 3.15 and 3.16, and eliminatingW
~~
, 
results in an expression in terms of V
~~
. The same procedure can be applied forV
~~
: assuming 
VmeV 
~~
to be the complementary function to the equation, resulting in: 
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Finally, substituting the solutions for U
~~
 and V
~~
 into one of equations 3.15 - 3.17, the 
displacement W
~~
 can be found to be: 
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Details of the calculations to obtain the above solutions for U
~~
, V
~~
 and W
~~
, can be found in 
Appendix A. The solutions are valid for each individual layer provided that the appropriate 
material properties are used. The constants; A, B, C, D, E, and F are constant with respect to 
the independent variable but are in fact functions of the transform variables s and r In 
the rest of the thesis, variables capped with a double tilde,  , will refer to the Fourier 
transform in two dimensions.
3.4 Boundary Conditions 
To determine the transform constants a number of boundary conditions must be met. There 
are three boundary conditions at the surface and six at each layer interface. All boundary 
conditions will also need to be transformed into the Fourier domain, and written in terms of 
normalised variables. Since linear elasticity is assumed, the stresses can be expressed in 
terms of displacement differentials by using Hooke’s law and Lame’s constants. 
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At the surface, =0, the following three boundary conditions apply: 
1. The normal stress, 
~~ , at the surface is equal to the contact pressure (within the 
square patch considered for the determination of the influence functions) and zero 
everywhere else: 
  p
~~~~       for   1  and 1  
0
~~            for all other  and  
3.24 
The normal stress, 
~~ , can in Fourier domain, through Hooke’s law, be expressed as: 
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The Fourier transform of the unit square pressure, p
~~ , can be found using the following 
operations: 
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Thus, 
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For the full solution of the Fourier transform of the pressure, see appendix B.  
Substituting U
~~
, V
~~
 and W
~~
 from Equations 3.20 - 3.22 into Equation 3.25, the first 
boundary condition can entirely be expressed in terms of displacements and Fourier 
variables: 
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2. Adopting Coulomb’s law of friction, the shear stress at the surface in the sliding 
direction, , is equal to the friction coefficient, f, multiplied by the applied pressure, p: 
 
  )sin(sin
4~~~~ rs
sr
p ff       for 1  and 1  3.29 
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The shear stress 
~~ can be written as: 
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3.30 
Substituting U
~~
, V
~~
 and W
~~
from Equations 3.20 - 3.22 into Equation 3.30, the second 
boundary condition becomes: 
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3. The shear stress in the non-sliding direction, , at the surface equals to zero, i.e. making 
the assumption that the bodies only have motion in x-direction: 
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Substituting U
~~
, V
~~
 and W
~~
 from Equations 3.20 - 3.22 into Equation 3.32, the third 
boundary condition becomes: 
 
02
2
~~
2
2
























































eFrD
s
r
DK
s
r
s
r
srC
eErB
s
r
BK
s
r
s
r
srA
l
llll
l
l
llll
l
 3.33 
It should be noted that in the current formulation of the contact solver, tangential load is 
assumed not to influence the solution for normal contact pressures. 
At each interface, the following six boundary conditions apply. The layers are assumed to be 
rigidly bonded to each other; hence at the layer interface these six boundary conditions 
ensure that the displacements and stresses in adjacent layers are continuous: 
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 1
~~~~  kk UU   
 1
~~~~  kk VV   
 1
~~~~  kk WW  3.34 
 1~~~~  kk     
  1~~~~  kk     
 1~~~~  kk     
where k is the layer number. 
In addition to the boundary conditions, the compatibility condition ensures that the stresses 
and displacements far away from the contact tend to zero. 
 0 WVU              as                       3.35 
To fulfil this condition, the first (positive) terms in equations 3.20 - 3.22, 3.28, 3.31 and 3.33 
must tend to zero, when calculating for the substrate where  can be any value. To satisfy 
this constants A, B and E must be zero for the substrate layer. 
Details of the calculations presented in this sub-chapter can be found in appendix C. 
3.5 Solving for the Transform Constants 
Application of the boundary conditions results in a set of m simultaneous equations which 
need to be solved for the m unknown constants, Ak to Fk in each layer (with k denoting the 
layer number). It should be noted that Ak to Fk are constants with respect to  but are 
functions of Fourier variables s and r. These equations form a general system [A][x] = [b] 
which contains all the relationships specified by boundary conditions (as given in section 
3.4). Where [A] is an m×m matrix and [x] and [b] are column vectors of length m. The vector 
[b] contains the right hand side elements from the boundary conditionsand [x] contains the 
sought constants Ak to Fk. 
The number of equations, m, is related to the number of layer interfaces, n-1 (where n is the 
number of layers including substrate), in a given problem. There are 6 boundary conditions 
at each interface plus additional three boundary conditions for the stresses at the surface. 
Therefore, number of simultaneous equations is given by m=6*(n-1)+3 This corresponds to 
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the number of remaining unknowns constants Ak to Fk to be determined: 6 in each layer 
other than substrate where there are only 3 unknown constants remaining since A, B and E 
have already been found to be zero (see end of section 3.4). The ‘constants’ are functions of 
s and r and therefore this system of equations needs to be solved for each point (s, r) in the 
Fourier domain separately.  
The full influence coefficient matrices for all stress and displacement fields can now be 
formed. However, before these fields can be determined, first the overall contact problem 
itself needs to be solved to determine the contact pressures, normal displacements and 
contact area. The relationship between deformation and pressure in spatial domain can be 
described by: 
   ][][ PAS IC   3.36 
where the normal displacement field, [S] is equal to convolution of the influence coefficient 
matrix [AIC] for normal displacement and pressure field [P]. In a general contact problem 
only the applied loading and the geometry of the bodies is known while the pressured 
distribution and surface normal displacements while the influence coefficient matrix [AIC] is 
now known both [S] and [P] are unknown a-priory and the solution is sought through some 
sort of an iterative process in common with other contact solvers in the literature e.g. [21], 
[69], [3]. In this work a conjugate gradient method is utilised to arrive at the solutions of [P] 
and [S]. Other authors have used this iteration scheme including Stanley and Kato [35] and 
Ai and Sawamiphakdi [36]. 
3.6 Iteration Scheme 
The calculated pressures must meet the usual contact constraints: 
The sum of the calculated pressures, p, of the contact area, CA, equals the input load, P: 
   CA dxxpP  3.37 
and also P > 0 for all contact points and P=0 for points not in contact. 
 
To ensure these constraint are met an iteration scheme is set up which utilises the 
calculated influence coefficients, minimisation of the total complementary energy principle 
and conjugate gradient  iteration method (CGM), following the procedure of Stanley and 
Kato [35]. A simple description of conjugant gradient method is given in Appendix E. 
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The solution for contact pressures with the CGM method generally follows these steps: 
1. A first guess for the pressure field, p0(x,y), that meets the equality and inequality 
constraints above is made (usually a Hertzian approximation or even a uniform 
pressure works fine) 
2. Calculate the first candidate pressure array p1.  
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p ii 
  3.38 
Where: 
 
L
gapS
fGrad calc

)(  3.39 
and ‘gap’ is the geometrical overlap of the two surfaces and L is a length dimension 
needed to make Grad(f) non-dimensionalised. Scalc is the displacement or stress 
calculated by convolving the influence coefficient matrix [AIC] with the pressure field 
pi-1 . 
3. Check if the calculated pi   array satisfies the constraints. If yes, exit the loop; 
otherwise continue to the next step below. 
4. Current pi is moved uniformly up or down so that the sum of the positive pressures 
equals the applied load. In this way the shape of p does not change. 
5. Set all negative pi  to zero. 
6. Repeat from step 2 until convergence. In the present model the convergence occurs 
when the integral of pressures over contact area is equal to the applied load within 
1%. An additional check is made to ensure that the resulting surface geometry is 
within the tolerance that surfaces do not penetrate each other and are in contact.  
This procedure results in the solution for contact pressures from which all other stress fields 
can be calculated through use of appropriate influence coefficients.  
A flow chart illustration of the complete model algorithm can be seen in Figure 3.3 
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Figure 3.3  Schematic flow chart illustrating the basic steps of the iteration algorithm 
The simulation is started by inputting the contact conditions, surface profiles and material 
properties for all contacting bodies, including properties of all layers.. Next, all influence 
coefficient matrices area calculated. To solve for contact pressures and displacements an 
iteration loop based on conjugate gradient method is entered. This iteration part of the 
algorithm is described above where it can be seen that at each iteration loop it is necessary 
to determine the normal displacements field, Scalc for the particular pressure array in that 
loop. This is done by convolving the pressure array with the influence coefficients matrix for 
normal displacements. Importantly, this operation is done through use of convolution 
theorem - since the influence coefficient matrix is already calculated in the frequency 
(Fourier) domain, the convolution is performed in the frequency domain, instead of the 
spatial domain, by application of convolution theorem. The theorem states that a 
convolution in real space, Equation 3.1 can be represented by an element-by-element 
multiplication of two individual Fourier transforms in the frequency domain: 
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Firs
Convolve the current pressure array [P] with the influence coefficient matrix for the normal 
displacements [A] to get the surface normal displacements, [S]=[A][P]
FirsSolve for all stress and displacement influence coefficients for the given multilayered system
FirsInput material properties, contact loading, geometry and surface profile(s)
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This means that instead of multiplying every cell with all other cells, it is sufficient to 
multiply two matrices, element by element. This operation effectively limits the number of 
mathematical operations to m*m number of operations compared to mm operations for a 
‘manual’ convolution. Therefore this dramatically increases the efficiency of calculation. The 
normal displacements can then be transformed to the spatial domain by applying a standard 
inverse Fast Fourier transform (IFFT) algorithms i.e. (the inversion can also be done through 
numerical integration as explained below): 
 
) ]
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][
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[ ( ]
~~
[ PAIFFTSIFFTS IC  3.41 
Subsequent steps continue with the iteration using the CGM method as described above, 
until the obtained pressure array satisfies all constraints.  
Once the contact pressures are obtained the complete three dimensional stress fields can 
be calculated by convolution of the influence coefficient matrix for the relevant stress and 
the surface pressure array. Once again, this is done through the application of convolution 
theorem so that the model is very efficient even for a large 3D domain.  
The solution of stresses (and/or displacements) obtained in this way is in the frequency 
domain and some type of inverse Fourier transform must be implemented to obtain the 
final values of the desired variables in the real spatial domain. As mentioned earlier in this 
chapter, this can be done either by numerical integration or application of an FFT algorithm. 
Both methods are implemented in the current model and used as necessary. As may be 
expected, FFT approach is much faster so it is always used if stresses and displacements are 
required at all points within the 3D domain. Other authors have successfully applied FFT 
methods to contact methods e.g. [68 ,71] and they have all commented on the fact that this 
method is strictly applicable to periodic functions only. When applied to non-periodic 
functions, FFTs can lead to errors, referred to as ‘periodicity’ error. A standard way of 
overcoming this error is to increase the size of the calculation domain to many times the 
contact size so that any potential influence of the ‘adjacent’ equivalent pressure distribution 
is minimised. Polonsky and Keer [41] for example recommend that the calculation domain 
be 8 times the contact size. In this model, a calculation domain of 512x512 points was used 
for all examples shown. If calculating only influence coefficients this domain size is probably 
excessively large, but it was established that the domain needs to be this size to deal with 
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typical contact areas that may span around 100x100 points. For larger contact sizes, or 
increased resolution, it is recommended to use an even larger number of points when 
applying discrete Fourier transforms. 
Numerical integration approach is relatively slow of course and not recommended if a full 
solution for the whole 3D domain is needed. However, numerical integration does offer the 
possibility of calculating just a single influence coefficient for the desired variable for any 
( point in the domain, whereas the FFT method requires the solution to be calculated for 
all values of s and r variables even if one is interested in a value at a single (.  This can 
sometimes be useful, for example to quickly establish the relative differences between 
particular layered structures at a given point in the general 3D domain 
  
74 
 
 
 
 
 
 
 
 
Chapter 4  
Validation of the Devised Multilayered 
Model  
In order to validate the present model, several comparisons of its predictions for stresses, 
displacements and pressures were made against well acknowledged analytical solutions and 
numerical models. This chapter will present some of the comparisons obtained during this 
validation. 
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4 Introduction 
The devised model uses a so called ‘influence coefficient approach to solve for contact 
pressures, displacements and sub-surface stresses when a rigid ball is loaded normally and 
tangentially against a rough multilayered half-space. Influence coefficients provide a 
‘Green’s’ function relating pressures at any point on the surface to displacements and 
stresses at all other points in the half-space. Therefore, the accuracy of the calculated 
influence coefficients for all stresses and displacement is crucial for the overall accuracy of 
the model. Once these influence coefficients are known, the contact is solved by tried and 
tested applications of conjugate gradient methods, and all stresses determined by 
application of standard FFT convolution. Therefore, the validation will first concentrate on 
showing the accuracy of the calculated influence coefficients for stresses and 
displacements, and this will be followed by some examples illustrating the validity of the 
overall contact solver for the multilayered rough contacts.  Although a large number of 
comparisons were made during the validation process only a selection is shown here. 
Specifically: 
- The stress and displacement influence coefficients are compared to Love’s solution 
[49] for a square uniform pressure patch on a homogenous half-space. To achieve 
this, the current solution for a layered case was run with different number of layers 
all possessing the same material properties hence the output results are applicable 
to a homogenous body. 
- The stress influence coefficients for an example two-layered case on a substrate are 
validated against an equivalent example solution obtained from a finite element 
model set-up in a commercial FEM package. 
- The full contact solution is compared to the equivalent Hertzian solution by, again, 
assigning the same material properties to all layers, so that a full layered model can 
be tested against an analytical homogenous solution. 
- The full contact solution for two selected rough cases was validated against an 
existing three-dimensional rough surface contact model for homogenous half-spaces 
developed by West and Sayles [23]. 
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4.1 Validation of the Stress and Displacement Influence Coefficients Against 
Love’s Analytical Solutions 
The influence coefficient matrix for the normal displacement can be compared to the 
analytical solution given by A.H. Love [49]. This solution is only valid for homogenous 
bodies; hence during this comparison, the current model was run with four layers but the 
same material properties were given to all layers and the substrate (E=207GPa, =0.3), 
simulating a homogenous body. The surface displacement in z direction (normal to the 
surface), uz, of a general point (x, y) on the surface of a three dimensional half-space caused 
by uniform pressure acting on a rectangular area 2a×2b, is given by Love as: 
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 4.1 
where, E is the elastic modulus,  is the Poisson’s ratio, and p the unit pressure. 
For a unit pressure of 1GPa, the values of displacement (uz) obtained from above equation is 
shown in Figure 4.1 a). The equivalent solution from the current model, subjected to the 
same contact conditions, is shown in the Figure 4.1 b). 
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Figure 4.1. Predicted normal displacements at the surface for a square patch of uniform 1GPa pressure of 
width 2l by 2l (l=a=b) on the surface of a homogenous half space (E=207GPa, =0.3) from: a) Love’s analytical 
solution, Equation 4.1, and b) the multilayered model with four layers plus substrate and all layers possessing 
the same material properties as quoted. 
The two plots in Figure 4.1 are identical, thus confirming that the fundamental solution in 
the current model for surface normal displacement is correct. The three-dimensional plots 
illustrate that both solutions provide the same general shape of displacements with the 
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maximum located in the middle of the applied pressure block, with a rapid decay in a 
symmetrical fashion away from the centre. However, from the three-dimensional figure it is 
difficult to compare the actual values of the solutions, and for this reason, from now on; the 
two-dimensional cross-section in  or plane of the three-dimensional problem will be 
presented. In Figure 4.2, the cross-section for =0 is shown together with the cross-section 
for 0 as well as the analytical result obtained by Equation 4.1. The results for =0 and 0 
are identical, hence confirming that the surface normal displacement is symmetrical. 
Furthermore, the model predictions match those of Love’s analytical result, thus confirming 
the accuracy of the present model. 
 
 
 
Figure 4.2 A two-dimensional cross-section of the three-dimensional results also shown in Figure 4.1 above - 
comparing Love’s solution for surface displacements due to a square uniform pressure patch (Equation 4.1) 
with the predictions of the current multilayered model, at =0 for -4<<4 and=0 for -4<<4. (F3D indicates 
the current model). 
In addition to above comparison, in order to confirm that the presence of the number of 
layers, as well as the individual- and total thicknesses, does not affect the result, simulations 
were performed for several layer thicknesses, ranging from zero to a few mm, and 
additional cases with several different number of layers. All results matched the analytical 
predictions hence it was concluded that the model is valid for multiple layers and for any 
layer thickness. 
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Generally, it was found that the difference between the analytical result and the numerical 
result from the current model was never more that 0.5% in all cases. It is noted that the 
accuracy of the multilayered model can be improved further by increasing the number of 
calculating points in the numerical integration routines used for inversion from Fourier 
frequency domain to spatial domain (or the number and spacing of FFT calculation points if 
this technique is used for inversion instead). However, a larger number of points increase 
the overall calculation time and this was not considered necessary if the numerical errors 
are already as small as 0.5%. 
In addition to the normal deflection in Equation 4.1, Love [49] also gives analytical solutions 
to the sub-surface stresses due to the same square unit pressure. Model predictions for 
stresses were compared against these analytical solutions. Figure 4.3 shows the normal 
stress, , and direct stresses in  and  direction,  and  respectively, plotted against 
depth below the centre of the contact (==0) of the square patch. The analytical 
expressions as given by Love that have been used in this comparison are given in appendix 
D. 
 
 
  
Figure 4.3 Sub-surface direct stresses beneath the centre (==0), of the uniform square pressure patch as 
predicted by the analytical solution, Love [71], and the present model (F3D). Dotted points represent the 
values obtained by the analytical solution and the lines represent the values from the multilayered model. 
, F3D
 , F3D
 , F3D
 , Love
 , Love
 , Love
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It is evident in Figure 4.3 that the stresses predicted by the current model are identical to 
those given by Love’s analytical solution. The normal stresses are compressive and equal to 
the applied pressure at the surface, and then fall down towards zero as depth increases. As 
expected, the other two direct stresses  and  are identical along ==0, given that 
friction is zero, with the maximum compressive value of 0.8 times the applied pressure 
being at the surface. Both and  decay towards zero faster than for the normal stress 
and are almost zero at the depth equal to the width of the square pressure source. 
All comparisons presented so far, and others not included in this thesis, indicate that the 
current multilayered model provides correct and accurate predictions for all stress and 
displacement influence coefficients. 
As a further proof of the model validity when applied to multilayered bodies, it was 
desirable to compare the output of the current model to some predictions for a 
multilayered system where the layers have different properties. This was achieved with the 
help of finite element methods as described in the next section. 
4.2 FE Validation of the Influence Coefficients 
Finite Element method is normally not suitable for rough contact analysis. However, they 
can provide an example solution for internal stresses and displacements for a given pressure 
distribution applied on the surface of a simple large body. For large body dimensions, the FE 
analysis can give a close approximation of a half-space and therefore, such FE solutions 
should compare to half-space model predictions. The benefit of the FE methods is that they 
can deal with complicated body structures, including multilayered bodies, and hence can 
help to validate the current model. No other multilayered contact model was available to 
the author, hence FE methods were considered as a good approach to further validate the 
present model, and specifically in the presence of layers with different properties. 
In order to achieve this, a FE model of a large square body with two layers and a substrate 
was set-up in a commercially available FE package, ABAQUS v6.111. A small square pressure 
patch was applied in the middle of the surface of this body, with the dimensions of the 
patch being much smaller than the overall dimensions of the body. The structure consisted 
                                                      
1 The author has no experience in using FE packages and this FE model was set up with the help of a colleague, 
Dr Mark Fowell. 
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of two layers, each 5 m in thickness on top of a steel substrate (E1=414GPa, E2=311GPa, 
Es=207GPa, all Poisson’s ratio=0.3). 
The finite element model consisted of a quarter space with symmetry planes. The model 
had dimensions of 0.1 mm x 0.1 mm x 0.2 mm which represented a cubical volume of 0.2 
mm x 0.2mm x 0.2mm. A uniform square pressure source of area 1µm x 1µm was applied so 
as to represent a square pressure source of 4µm2, given the symmetry, see Figure 4.4 (a). 
The domain was meshed with Linear Tetrahedral elements, designed to be very dense 
within the layers and near all interfaces, while being less dense in the substrate.  An overall 
view of the domain plus zoomed view of the first layer is shown in Figure 4.4 (b). 
(a) 
 
(b) 
 
Figure 4.4 An illustration of the FE model (a) Diagram showing reduction to a quarter space (b) View of the 
complete Finite Element Model domain, contours of VonMises stress. 
The results of this simple FE model were then compared to the equivalent results to the 
current multilayered model. Figure 4.5 shows the comparison of the normal stresses  
along the line at ==0 into depth obtained from the FE model for two layers against the 
equivalent half space structure analysed by the current model. From the figure it is evident 
that the stresses calculated by the current model fit perfectly to the ones calculated by the 
FE model using the same contact conditions. The normal stresses are continuous across the 
interface as stipulated by boundary conditions of perfectly bonded layers. 
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Figure 4.5 Comparison of direct stress in  direction, , along the line ==0 from the FE and the current 
multilayered model for a half space with two layers (E1=414 E2=311 GPa, h1=5m, h2=5m) on a steel 
substrate (Es=207 GPa) for a square patch of uniform pressure (1GPa) at the surface.  
In Figure 4.6, the sub-surface  stresses are shown for the same case. In this instance, 
tensile stresses, arising from the mismatch of the elastic modulus between the two layers, 
and between the second layer and the substrate, can be seen at both interfaces. The 
discontinuity of the stress at each interface is also clearly seen. Once again the figure 
shows that the predictions of the current model match those of the FE model. 
, F3D (Mpa)
, FEM (Mpa)
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Figure 4.6 Comparison of direct stress in x direction, , in  direction along the line ==0 from the FE and 
the current model. 
The comparisons of the current model with the solutions provided by Love as well as the 
multilayered FE model are considered as sufficient to establish the validity and accuracy of 
the current model, at least for the all important influence coefficients for stresses and 
displacements. The influence coefficients are by far the most important part of the model 
presented in this thesis, given that the applied method of solution for the full contact, which 
utilises these influence coefficients, is well established already. Despite this, the full contact 
solver used in the present model has also been validates against existing solutions and 
typical results are shown in the next section. 
4.3 Comparison of the Full Contact Model with Hertzian Point Contact 
Solution. 
Once it is assured that the influence coefficient matrix is calculated accurately, further 
errors could potentially be introduced by the convolution and the convergence criterion in 
the iteration scheme. To ensure that the accuracy is sustained after the full contact has 
been retrieved, another set of validations were made. As before, in order to provide 
comparisons with existing homogenous solutions, the multilayered half-space is assumed to 
, F3D (Mpa)
, FEM (Mpa)
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be made up of layers which all have the same properties. In all cases, the upper contacting 
body is assumed to be rigid. 
Hertz has given analytical expressions for the maximum contact pressure, the equivalent 
elastic modulus, predicted displacement and the semi contact width, which gives point 
values for comparison The maximum Hertzian contact pressure is given as: 
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Where E* is the equivalent elastic modulus: 
 1
2
2
2
1
2
1* 11
















 







 

EE
E

 4.3 
P is the applied load, R is the ball radius and E and is the elastic modulus and the Poisson’s 
ratio respectively, subscripts 1 and 2 refer to body 1 and 2. The ball is assumed to be rigid. 
The predicted displacement  can be calculated with: 
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And the semi contact width a, is obtained with:  
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The contact conditions and material properties used in this section are found in Table 4.1. 
Table 4.1 The contact conditions used in the simulations for the validation of the multilayered model. 
Ball Radius (rigid ball) 5 mm 
Load 5 N 
Half-space Young’s Modulus 207 GPa 
Half-space Poisson’s Ratio 0.3 
Figure 4.7 shows the complete contact pressure and displacement distributions as predicted 
by both approaches for the contact conditions listed in Table 4.1. Also, the values of 
maximum contact pressure, P0, the displacement,  and the semi contact width, a0 agree 
well with less than 1.0% differences. 
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Figure 4.7 Displacements and pressures due to a smooth contact. The dotted line indicates the results 
calculated from Hertz equation and the line represents the results calculated with the current model, F3D. 
The overall agreement between the models is evident, the figures illustrate a very close 
agreement between the two models, hence validates the complete three-dimensional 
multilayered model. The percentage error for the pressure and displacement fields is the 
largest at the edge of the contact but this can be explained as being a result of the size of 
the sampling interval used in the numerical model, obviously, the smaller the sampling 
interval, the better the accuracy of the model.  For a sampling interval of 2m, as used in 
this case, the numerical error is generally less than 0.8%. 
4.4 Comparison against an Existing Rough Surface Model 
The author had access to an existing three-dimensional elastic rough contact numerical 
model devised by West and Sayles [23], referred to as ‘3D Cont’. This section will present 
comparison of the rough surface contact solutions from the current model to those 
obtained with ‘3D Cont’. The ‘3D Cont’ model is only valid for homogenous contacts, so all 
layers and substrate in the current model is given identical material properties, thus 
simulating a homogenous body. The same profile file, containing a real measured surface 
roughness, was read into both programs, and the same loading conditions were used (Table 
4.1). A two-dimensional cross section at y=z=0 of the obtained results is shown in Figure 4.8. 
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It should be noted that both the ‘3D Cont’ and the current model are purely elastic. 
Therefore, when analysing rough surface contacts in particular, care should be taken not to 
exceed plastic pressures for the materials in question. In the example of Figure 4.8the given 
elastic modulus and Poisson’s ratio values, assume that the half-space material is steel and 
the predicted pressures are within the elastic limit of bearing steels. 
 
 
 
Figure 4.8 Comparisons of predictions of existing ‘3D Cont’ rough surface model and the current multilayered 
rough surface model. Contact pressures and displacements due to a contact between a real rough surface and 
a rigid ball with radius 5mm and a normal load of 5N, material properties: E=207GPa, =0.3. 
It can be seen that the pressures predicted by the current model (lines) match those 
predicted by ‘3Dcont’ (dots), very well. The pressure spikes correspond to the location of 
the asperity heights of the rough surface. Furthermore it can be seen that the elastic 
deformation of asperities in contact also matches between the two models. 
In conclusion, the numerous validation studies conducted provide ample evidence that the 
predictions of the current model are valid and accurate. Therefore, the model was applied 
to analysis of multilayered contacts with the aim of gaining further understanding of the 
contact mechanics, and sub-surface stress field in particular, of multilayered half spaces. 
The results of these studies are presented and discussed in the next chapter. 
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Chapter 5  
Results and Discussion 
The presented results of studies of selected multilayered contacts serve to further improve 
our understanding of the behaviour of multilayered contacts in terms of contact areas, 
pressures and sub-surface stresses. 
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5 Introduction 
The strength of the current model lies in its application to a specific multilayered contact 
case of interest, including the surface roughness of the contacting bodies. The model can 
predict the contact areas, pressures and sub-surface stresses, thus could be used to indicate 
the likelihood of contact damage for a given loading. Hence it could therefore be a useful 
tool to engineers designing coated components for a specific application. 
However, for the purpose of this thesis, the model will be applied to some selected 
multilayered studies in order to shed light on some general parameters of interest in such 
problems, in particular the sub-surface stresses, contact pressures and real contact area. 
Since the model is valid for an unlimited number of layers and each layer can have any 
thickness, Poisson’s ratio and Young’s modulus, there are an infinite number of cases to 
study. Therefore, this chapter will only present a selection of cases chosen to illustrate the 
potential application of the model, but also to provide further understanding of 
multilayered contact. 
In order to draw meaningful conclusions from this study it is necessary to keep some layer 
properties constant while varying others in order to establish their influence. 
Firstly, contact pressures, contact areas and sub-surface stresses will be analysed for a 
number of cases of full contact of smooth surfaces where the number of layers and their 
mechanical properties varies but their combined thickness is kept constant. The use of 
smooth surfaces helps to isolate the relative influence of thickness by avoiding the 
complicating effects of surface roughness. This study is first presented for the case of pure 
normal contact and then repeated for the case where an assumed friction coefficient of 0.2 
exists. 
Secondly, in order to illustrate the potential complications with rough contacts a few 
examples of rough surfaces in contact with the same layer structure and loading condition 
as in the smooth cases are shown. 
Lastly, results of more extensive ‘parametric’ studies of multilayered half-spaces are shown, 
with the aim of revealing some general trends of the relative influence of material 
properties and thicknesses of layers in multilayered half-spaces. 
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5.1 Results for Smooth Multilayered Contacts under Normal Load 
As mentioned in Chapter 2 of this thesis, stiff coatings are often used to reduce contact 
friction through the reduction of real contact area. However, stiff coatings also increase 
contact pressures, usually an undesirable side effect, and can significantly modify the sub-
surface stress distribution in an adverse way. In particular, they can create tensile direct 
stresses that peak at the interface of a stiff layer and the more compliant layer [55]. Other 
stresses are also modified, but it is these tensile stresses that can be detrimental to the ‘life’ 
of multilayered contacts, as they can promote cracking and coating delamination [68]. 
Hence this chapter will present a systematic study of contact pressures, contact areas and 
sub-surface stress fields for a multilayer structure of fixed total thickness imposed on a 
more compliant steel substrate. The number of layers in the total thickness is either: 1, 2 or 
4 or the body is assumed homogenous. The stiffness of the top layer and the compliant 
substrate is kept constant while the properties and the number of the intermediate layers 
are varied systematically. Table 5.1 lists the contact conditions and Table 5.2 outlines the 
coating properties for the four cases studied. 
Table 5.1 Contact conditions used in the study in this section (P0H = 1.255GPa for homogenous contact) 
Contact Type Rigid ball on smooth half-space 
Contact Load 5N 
Ball Radius 5 mm 
Elastic modulus of the substrate (all cases) 207 GPa 
Poisson’s Ratio (all coatings and substrate) 0.3 
Friction coefficient 0 or 0.2 (as indicated) 
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Table 5.2 Material properties of the cases simulated in the section (total layer thickness = 12m in all cases). 
Case Identifier Number of layers Layer thicknesses (m) Young’s moduli (GPa) 
Case 1 0 (homogenous steel) N/A Es=207 (substrate) 
Case 2 1 h1 = 12 E1 = 621 
Case 3 2 h1 =  h2 =  6 E1 = 621, E2 = 414 
Case 4 4 h1 = h2 = h3 = h4 = 3 E1 = 621, E2 = 517,  
E3 = 414, E4 = 310 
Figure 5.1 shows the predicted surface pressures for the four cases outlined in Table 5.2 
normalised by the maximum Hertz pressure for the homogenous half-space (P0H= 1.255GPa, 
Case 1). It is evident that adding one relatively thick, stiff layer with the elastic modulus of 
E1=3Es (case 2) increases the maximum pressure by about 12% over the Hertz maximum 
pressure found in the homogenous case. Adding another, intermediate, less stiff layer 
(elastic modulus of E2 = 2Es), both layers now having the thickness of 6 m, lowers the 
maximum pressure slightly so that they are now 10% over the Hertz pressure in the 
homogenous case. In this case the total layered thickness is still the same but the change of 
mechanical properties from the very stiff top layer down to the compliant substrate is 
moderated by the presence of an intermediate layer with intermediate elastic modulus. 
Almost identical values are obtained for Case 4 with four layers in total, creating a much 
more gradually decreasing elastic modulus. The contact pressures in this case are only 
slightly lower than in Case 3 and about 9% higher than in the homogenous case.  
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Figure 5.1 Contact pressure distributions for a homogenous body together with the 1, 2, 4 layered coated 
systems described in Table 5.2. Contact conditions as described in Table 5.1 
The contact pressure and surface displacement distribution of a smooth homogenous 
contact (Case 1) can be seen in Figure 5.2. 
 
 
 
Figure 5.2 The contact pressure and displacement distribution of a smooth homogenous contact. Contact 
conditions as described in Table 5.1 
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The presence of a single stiff layer (Case 2) changes the shape of the pressure distribution to 
become more square as compared to the semi-elliptical shape of the homogenous case, as 
can be seen in Figure 5.3. 
 
 
 
Figure 5.3 The contact pressure and displacement distribution of a smooth contact of a stiff single layer (Case 2 
in Table 5.2). Contact conditions according to Table 5.1. 
Cases 3 and 4 with two 6m layers and four 3m layers respectively result in almost 
identical pressure distributions, as shown in Figure 5.4 and Figure 5.5 respectively. Both 
these cases increase the maximum contact pressure by 9-10% compared to the 
homogenous case. 
The maximum deflection depth in the two layered and the four layered cases decreased by 
6.4% and 5.6%, respectively compared to the homogenous case where the maximum 
deflection depth is 0.375m. 
The semi contact radius decreases in all layered cases relative to the homogenous case 
where the semi contact radius is 44 m. 
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Figure 5.4 The contact pressure and displacement distribution of a smooth contact of a stiff layer and an 
intermediate layer (Case 3 in Table 5.2). Contact conditions according to Table 5.1. 
 
 
 
 
Figure 5.5 Contact pressure and displacement distribution for a stiff layer E1=3Es, with three intermediate 
layers (Case 4 in Table 5.2). Contact conditions according to Table 5.1  
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In the boundary conditions, the normal stresses are forced to be equal in the interfaces, but 
such constraint is not set up for the direct stresses in x-y directions. This means that 
discontinuities may occur in the interfaces between layers or between layer and substrate, 
hence tensile stresses can occur. It has been reported [68] that the larger the mismatch of 
elastic modulus the larger the tensile stresses. Figure 5.6 shows a contour plot of the sub-
surface xx stress as a function of depth due to a homogenous contact. As expected, the 
stress is the largest at the surface and declines to zero further down in the depth. Note that 
all stresses are compressive except for a small area at the edge of the contact. 
 
 
 
Figure 5.6 Homogenous sub-surface stress xx/P0H (y=0 plane) for a rigid steel ball on steel half-space (Case 1 in 
Table 5.2)Contact conditions specified in Table 5.1. P0H=1.255GPa is the maximum pressure for the 
homogenous case. 
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When a thick stiff layer is introduced, tensile stresses appears at the interface between the 
layer and the substrate as evident in Figure 5.7. 
 
 
 
Figure 5.7 Sub-surface stress  /P0H (y=0 plane) for a rigid steel ball on single layered steel half-space (Case 2 in 
Table 5.2). Contact conditions and are found in Table 5.1. P0H is the maximum pressure for the homogenous 
case. 
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For the two layered case, Figure 5.8, the first interface is present at a depth of 6m and the 
second at 12m. Here tensile stresses can no longer be seen at either interface, but the 
magnitude of compressive stresses at the second interface is close to zero and it is likely 
that a small adverse change in contact conditions, such as applied tangential load, could 
make them tensile. 
 
 
 
Figure 5.8 Sub-surface stress xx/P0H (y=0 plane) for a rigid steel ball on two layered steel half-space (Case 3 in 
Table 5.2). Contact conditions and are found in Table 5.1. P0H is the maximum pressure for the homogenous 
case. 
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Introduction of further two layers (4 layers in total, Case 4 in Table 5.2) means that the large 
mismatch in elastic moduli of adjacent layers no longer exists but the elastic modulus is 
changing more gradually from stiff surface layer down to the steel substrate. This 
arrangement eliminates all tensile stresses from the subsurface as evident in Figure 5.9. 
 
 
 
 
 
Figure 5.9 Sub-surface stress xx/P0H (y=0 plane) for a rigid steel ball on a four-layered steel half-space (Case 4 
in Table 5.2). Contact conditions are found in Table 5.1. P0H is the maximum pressure for the homogenous 
case. 
As clearly illustrated by the contour plots above, the presence of coating(s) results in 
substantial modifications of the subsurface stresses and can both create and eliminate 
tensile stresses at the coating interfaces. However, since it is difficult to make relative 
comparison between the four presented cases by looking at contour plots, Figure 5.10 is 
included. This plots the direct stress in x direction, xx, against the sub-surface depth line at 
x=y=0 (the centre of contact) for all four cases studied. 
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Figure 5.10 Normalised direct stress xx versus depth at x=y=0. Comparison for the four cases of for different 
coating combinations declared in Table 5.2. 
5.1.1 Discussion - Smooth Multilayered Contacts 
It is interesting to postulate on the reasons behind the significant observations made in the 
results above. 
All stiff coatings increase the contact pressures as compared to the homogenous case. But a 
single layered contact creates higher pressures with a different distribution than 
multilayered contacts. Case 3 and 4, of two layers of intermediate thickness (6m each) and 
four thinner layers (3m each) respectively, produce very similar maximum pressures and 
contact areas. This implies that, for the contact load and geometry considered, after a 
certain coating thickness, the coating properties, rather than substrate (or additional 
underlying layers), determine the surface pressures. Similar finding has been reported by 
others e.g. Cole and Sayles [52, 56]. For given material properties, it is the ratio of coating 
depth to the contact radius that determines whether substrate or the coating properties will 
be more influential in determining the contact pressures and displacements. Thus, the 
presented model allows the designer to optimise the coating system for given contact 
condition – for example  a desired reduction in the contact area , which could potentially 
result in lower friction, may be achieved with a relatively thin coating,  rather than an 
unnecessarily thick coating layer.  
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The discontinuity in direct stresses in x (and y direction) at coating interfaces is apparent in 
all cases, but it is most pronounced for Case 2 of a single 12 m stiff coating as evident in 
Figure 5.7 and Figure 5.10. In this case a tensile stress xx of some 5MPa exists at the 
interface. This is an important finding, as the tensile stress can contribute to crack initiation 
and growth leading to coating fracture and delamination along the interface, [57, 72]. Other 
authors have noted presence of tensile stresses at coating interfaces [55, 68] but there is a 
lack of literature providing systematic studies of the influence of different multilayered 
structures on these tensile stresses. Importantly, multi-layered coatings of Case 3 and Case 
4, which were shown above to produce similar reduction in real contact area as Case 2, do 
not result in any interfacial tensile stresses. This is a useful result, as it indicates that it is 
possible to design a multilayered coating structure which gives the benefits of the reduced 
contact area but does not produce potentially dangerous tensile stresses. Homogenous or 
single layered contact models are not able to reveal findings such as this and therefore, this 
observation is an example of the potential value of the present model in terms of 
optimisation of layered engineering components. 
Other than the differences in the interfacial tensile stresses, coatings modify the sub-surface 
stress distribution compared to the homogenous case in many other ways. The compressive 
xx stresses at the surface for all coatings are larger than those for the homogenous case. 
This is to be expected as the surface xx is related to the contact pressures and the stiff 
coatings, multilayered or otherwise, increase the contact pressures. 
It is also apparent that the bigger the mismatch in coating properties at the interface, the 
bigger the stress discontinuity. For example, Figure 5.10 clearly shows that the Case 2 which 
consists of a single stiff coating (E=621GPa) has a bigger xx stress discontinuity at the 
interface with the substrate (E=207GPa) than the Case 4 of four coatings, where the change 
of coating elastic modulus form layer to layer is proportionally less. In fact, the xx stresses 
for the Case 3 are close to going tensile at last interface (z=12 m), and it is very possible 
that they would be tensile if this interface had been placed slightly deeper. 
In general the more shallow interfaces at 3, 6 and 9m do not seem to be in as much 
danger of producing the tensile stresses as the deeper interface at 12 m. This suggests 
that, the likelihood of the occurrence of tensile stresses at the interfaces depends not only 
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on the mismatch of the adjacent layer properties but also on the position of the interface. 
Plumet and Dubourg [68] came to a similar conclusion in their analysis of single layered 
system. The current model provides means to study this in more depth by for example 
studying the interplay of the relative position of the interfaces in the multilayered systems. 
Some results in this regard are presented and discussed in section 5.3. 
5.2 Results for Smooth Multilayered Contacts under Normal and Tangential 
Load 
The previous section showed that the presence of coatings can induce unwanted sub-
surface tensile stresses at the coating interfaces even under normal contact loading only. 
Tangential loads, resulting from surface friction, are known to induce tensile stresses even 
in homogenous bodies and therefore, it is interesting to also study what effect such 
tangential loads would have on the interfacial tensile stresses. This sub-section repeats the 
analysis of the four cases presented in the previous section but now with the addition of a 
friction coefficient of 0.2. All other conditions and properties are the same as before, as 
listed in Table 5.1 and Table 5.2. 
It should be noted that the contact solver, in common with most other contact solution 
methods, ignores any effects that friction may have on the contact pressure distribution and 
contact areas. Therefore, the pressures and contact areas predicted for all four cases in the 
previous section and illustrated in Figure 5.1 to Figure 5.5 are still applicable in this chapter. 
Hence, only the sub-surface stresses are re-analysed here. 
When tangential loading is applied to the contact the stress distribution of sub-surface xx 
becomes anti-symmetrical, Figure 5.11. If compared to Figure 5.6, it can be seen that the 
maximum compressive stress is increased and that the location of the maximum is moved 
away from the centre of the contact. Tensile stresses are now introduced but only at and 
near the surface, at the back of the contact, given the direction of force. 
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Figure 5.11 Sub-surface stress xx /P0H (y=0 plane) for case 1 with friction coefficient =0.2. 
In Figure 5.12, the effect of a single stiff coating on a compliant substrate is illustrated. The 
stresses are still skewed to one side of the contact but the tensile stresses have also 
appeared at the layer/ substrate interface, in addition to those found at and near the 
surface just at the back of the contact. 
 
 
 
Figure 5.12 Sub-surface stress xx /P0H (y=0 plane) for case 2 with friction coefficient =0.2. 
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Figure 5.13 illustrate the results for Case 3, with two layers of 6m each and gradually 
decreasing Young’s modulus. In contrast to the equivalent friction free contact (Figure 5.8), 
this two layered contact, now creates small tensile stresses at the interface. 
 
 
 
Figure 5.13 Sub-surface stress xx /P0H (y=0 plane) for case 3 with friction coefficient =0.2. 
Gradually changing the elastic modulus between the stiff top layer and the compliant 
substrate by introducing three additional intermediate layers, with material properties 
according to Table 5.2 completely removes the tensile stresses at each interface, Figure 
5.14. 
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Figure 5.14 Sub-surface stress xx /P0H (y=0 plane) for case 4 with friction coefficient =0.2. 
Figure 5.15, illustrates the sub-surface xx stress at the last interface (h=12m), for all four 
cases, when tangential loading (friction coefficient=0.2) is present. As described earlier, one 
thick stiff layer causes large interfacial tensile stresses due to the mismatch of elastic 
modulus. Introducing a number of layers may not only decrease the tangential stresses, but 
has potential to completely remove them from the interface. 
 
 
 
Figure 5.15 Stress xx along the last interface in x direction (z=12m, y=0) with friction coefficient=0.2: Cases 
with 1, 2, 4 layers and homogenous half-space. 
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5.2.1 Discussion - Normal and Tangential Loading of Multilayered Contacts 
Friction introduces tensile stresses at the surface, in all cases, whereas normal contact only 
produced tensile stresses at the interface. When friction is present the distribution of xx 
along the interface is not symmetrical as was the case for the purely normal loading. For 
Case 2, which also resulted in tensile stress at the interface for the purely normal loading, 
friction further increases the magnitude of the interfacial tensile stress. The xx stress for 
Case 3 now goes slightly tensile within the interface due to the addition of the given 
tangential loading, whereas it was purely compressive for the normal load only. The 
introduction of four layers (Case 4) completely eliminates the interfacial tensile stress 
underneath the contact. Just away from the immediate contact area, Case 4 does still have 
some tensile stresses. These are almost identical to the homogenous case and are likely to 
be the result of the tensile stress area at the surface (at the back of the contact) spreading 
to the subsurface, rather than due to the presence of the coating. Generally, the results 
suggest that it is possible to eliminate the presence of potentially harmful tensile stresses 
beneath the contact area of a coated system by careful selection of layer properties, 
number of layers and position of interfaces. The present model provides a powerful tool to 
help in this design process.  
5.3 Parametric Study of Interfacial xx Stresses in Multilayered Half-spaces 
The previous two sub-chapters provided evidence that the coating mechanical properties 
and the position of coating interfaces in a multilayered half-space are two most important 
factors that affect the presence and magnitude of any tensile stresses in the sub-surface. It 
is therefore interesting to attempt to detect any general correlations between the coating 
properties and thickness and the interfacial stresses. This sub-chapter will present results 
from a systematic study designed to achieve such comparisons.  
Since the interest lies in the relative influence of coating parameters only, it was considered 
justified for the analyses in this section to not consider the full contact solution but simply 
assume a square uniform pressure patch applied on the surface of all half-space studied. 
This of course speeds up the analyses as there is no need to solve for contact pressures in 
each case and then follow this up with the full convolution of these pressures with the 
influence coefficients of the xx stress in all dimensions for each case studied. 
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In order to provide a systematic study, the set-up keeps certain variable constant while 
varying others. The system studied is illustrated in Figure 5.16. Specifically, the systems 
consist of two layers on a more complaint substrate; the total layer thickness (h2) is fixed 
and the elastic modulus of the upper layer (E1=621 GPa) and the substrate (Es = 207 GPa) are 
fixed, the ratio being 3:1. The thickness (position of the first interface) and the elastic 
modulus of the intermediate layer (E2) are varied and the maximum interfacial xx stresses 
at both interfaces recorded. This makes it possible to produce plots of xx stress at point 
x=y=0 at the interface depth against ratio E1/E2 for different relative thicknesses of first and 
second layer (position of first interface, h1). 
 
 
 
Figure 5.16 An illustration of layer system used in the parametric study. Total layer thickness, top layer and 
substrate material properties are held constant as while the second layers material properties and thickness is 
varied l=1m. 
The results reveal that by giving the first layer a thickness of h1 / l = 0.4 the xx stresses at 
the first interface are completely compressive. This was true for all considered cases of E1/E2 
ratios.  
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For the case of h1 / l = 0.6, tensile stresses occur only if the second layer has an elastic 
modulus of less than about 0.6E1. The tensile stress at first interface grows as the mismatch 
of the elastic moduli at this interface increases. For the case of h1 / l = 0.8 first interface 
experiences tensile stresses for all considered rations of E1/E2. 
 
 
 
Figure 5.17  Maximum xx stresses recorded at the first interface in a two layered system. The lines correspond 
to different thicknesses of the fist layer, i.e. ratios of h2/l indicating the position of the first interface. 
E1=621GPa, Es = 207 GPa, E2 is varied; 1,2,3= 0.3. 
The effect of the layer thickness and elastic modulus on the intermediate layer on the 
second interface it is clear that the thickness of the first layer has little or no influence at all. 
Figure 5.18 shows the xx distribution along the second interface for the considered cases. It 
is evident that the stress magnitudes remain more or less unchanged for all ratios of E1/E2. It 
seems that at this depth, the interfacial stresses are almost entirely determined by the 
mismatch between the elastic moduli of the second layer and the substrate only (E2/E3). 
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Figure 5.18 Maximum xx stresses recorded at the second interface in a two layered system. The lines give the 
thickness of the fist layer, i.e. indicating the position of the first interface.  E1=621GPa, Es = 207 GPa and E2 is 
varied, 1,2,3= 0.3. 
5.3.1 Discussion, Parametric Study 
It is evident in Figure 5.17 above that both the position of the first interface (ratio h1/l) as 
well as the ratio of the elastic moduli of the two layers (E1/E2) affects the maximum 
interfacial xx stress here. The behaviour is different at the second interface. In Figure 5.18, 
it can be seen that the three lines, representing the position of the first interface, follow 
each other very closely. From this it can be concluded that the thickness of the first layer has 
very little influence on the maximum xx stress at the second interface for this particular 
multi-layered system. The magnitude of the stress at the second interface seems to be 
mostly related to the ‘local’ mismatch in the elastic moduli of the second layer and the 
substrate. Therefore, in order to reduce the maximum stress in the second interface it is 
more important to select the right elastic modulus of the second layer in relation to the 
substrate. 
Closer examination of the Figure 5.17 for E1/E2 =1 i.e. the first and second layer are the same 
(effectively just one stiff layer on a relatively complaint substrate) it can be seen that for     
h1 / l = 0.8 the stress is tensile even though there is no mismatch in the coating. Probable 
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reason for this is that the second interface, where the mismatch is rather large in this case 
(E2/E3 =3) produces a region of tensile stresses and this region stretches up to the first 
interface (which at h1/l = 0.8 is fairly close to the second interface). Figure 5.18 confirms the 
presence of tensile stresses at second interface in this case (E1/E2=1). 
 Indeed, for the case h1/l = 0.8 tensile stresses exist at the first interface for all ratios of 
E1/E2. On the other hand, for the case where the top layer has a thickness of h1/l=0.4, no 
tensile stresses are predicted at the first interface.  Reducing the elastic modulus of the 
intermediate layer (E2) while keeping E1 and E3 constant and the ratio E1 / E3  = 3  (as is done 
in this analysis) reduces the mismatch at the second interface but increases the mismatch at 
the first interface. Therefore, following the curve for increasing values of E1/E2, the 
importance of mismatch at the first interface takes over from the influence of the second 
interface.  
This analysis suggests that, at least from the point of reducing tensile stresses, there must 
exist an optimum layer structure in terms of the positions of the two interfaces and the 
relative properties of the layers. 
Many other systematic studies could be conducted along the lines of the cases presented 
here to provide further understanding of the multilayered contact behaviour. Some of these 
will be discussed in Chapter 6, Future Works, of this thesis, but the findings described here 
clearly illustrate the usefulness of the devised model in optimising the multilayered coating 
structures. 
5.4 Rough Surface Multilayered Contacts 
So far the results section has only considered smooth surfaces for the reason that by 
avoiding the complications of real surface roughness, the influence of relative layer 
properties can be isolated and studied. However, real engineering contacts are rough, and, 
as described in Chapter 3, the current model has the ability to deal with full rough 
multilayered contacts. 
Extensive analysis of surface roughness on multilayered bodies is a subject area in its own 
right and therefore, this section will only present a couple of full rough contact solutions, 
primarily to illustrate the potential effects of roughness and the interacting effects with the 
109 
 
multilayered structure of the half-space. For example, the smooth contact analysis may 
suggest that a certain layer thickness is beneficial for contact performance in terms of sub-
surface stresses, but stresses are known to be significantly altered by roughness there is a 
possibility that high stress concentrations can be introduced at the chosen position of layer 
interface. Thus, the optimal layer thickness suggested by smooth analysis may not be the 
best option for a rough contact. The examples below illustrate some of these effects. 
Figure 5.19 shows contact pressures for an example real surface roughness for contact 
conditions and layer structure according to Case 4 as outlined in Table 5.2 a 5 N load was 
applied to a rigid ball with radius of 10mm. Surface roughness introduces local pressure 
spikes at the contacting points that are much higher than the maximum pressures for the 
smooth contact. For this specific rough surface, the contact pressures increased more than 
4.5 times P0H for the homogenous contact (0.79GPa), while the real contact area has 
reduced to 2700 m2 compared to the real contact area of the smooth contact, 6100m2. 
 
 
 
Figure 5.19 Contact pressure distribution for a rough surface multilayered half-space (Case 4,Table 5.2). 
Applied load =5 N, ball radius = 10mm, POH=0.79GPa 
Figure 5.20 shows the sub-surface zz stresses for associated with the contact illustrated in 
Figure 5.19. It is evident that asperities cause high stress concentrations at the contact 
surface. 
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Figure 5.20 Rough contact sub-surface Stress zz /PoH for a multilayered half-space (Case 4, Table5.2. Applied 
load =5 N, ball radius = 10mm, POH =0.79GPa 
Figure 5.21, shows the xx stress distribution due to the same pressure distribution in Figure 
5.19. Compared to the smooth contact under the same contact conditions, the stresses 
increased with pressure peaks little higher than double and the maximums are drawn 
towards the surface. 
 
 
 
Figure 5.21 Rough contact sub-surface stress xx /PoH for a multilayered half-space (Case 4, Table 5.2).  Applied 
load =5 N, ball radius = 10mm, POH =0.79GPa. 
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The rough surface used in the above simulations has a very high roughness were only a few 
asperities are in contact, which results in high local contact pressures.  
A second rough surface has been generated were the height distribution of the asperities 
were lower. The same layer system and contact conditions were applied as in the previous 
rough surface study. This rough contact case resulted in contact pressures lower than the 
ones in the previous case, roughly twice the maximum pressure for the homogenous case, 
P0H, Figure 5.22. Unsurprisingly, the contact area is larger than the contact area for the 
previous roughness, 5500m2. 
 
 
 
Figure 5.22 Contact pressure distribution for a rough surface multilayered half-space (Case 4, Table5.2). 
Applied load =5 N, ball radius = 10mm, POH =0.79GPa 
In Figure 5.23 it can be seen that although the normal stresses in this case is lower than the 
ones found in the previous roughness case, Figure 5.20, high local pressure spikes reaches 
the first interface (3m). 
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Figure 5.23 Rough contact sub-surface stress zz /PoH for 4 layers (Case 4, Table 5.2). Applied load =5 N, ball 
radius = 10mm, POH =0.79GPa 
5.4.1 Discussion, Rough Surfaces 
The obvious influences of roughness in terms of producing relatively high pressure peaks on 
tops of asperities and reducing the real area of contact are apparent in the rough contact 
results has been shown. It can be noted that roughness can produce stress concentrations 
at coating interfaces for a particular coating depth relative to the roughness properties (in 
particular the size of resulting asperity contacts). Such a scenario is evident for roughness 
case in Figure 5.23 where sub-surface stresses beneath asperities reach the first interface at 
3 m. If compared to the stress concentrations at the interface in Figure 5.20, it show that 
they are less pronounced. Therefore, when choosing most appropriate coating properties 
for a specific application, surface roughness should be taken into account, as well as the 
general trends indicated in section 5.1 for smooth surfaces.  The observations evident here 
are in line with those made by Kadiric and Sayles [57] who provide a more comprehensive 
analysis of influence of roughness in a single layered system. 
Full analysis of the interplay between roughness and multilayered contacts is not the focus 
of this thesis and will therefore not be discussed further. The ability to include roughness in 
the model demonstrates the potential for comparing typical machined surface finishing 
processes, with ideal smooth surface effects, when applied to engineering components 
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which have some particular coating process applied. In this respect the model also offers the 
possibility of defining an ideal roughness structure, to optimise stresses etc. for a given 
coating combination. 
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Chapter 6 
Conclusions 
This thesis presented the development of a new three dimensional, numerical model for 
elastic contact of multilayered rough surfaces, as well as a number of results produced by 
application of the model to selected multilayer contacts. This chapter will attempt to 
summarise the main points of the thesis. 
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A fairly broad literature review of contact mechanics models with focus on layered contacts 
is provided and from this review, it is evident that a large number of works have been 
published in the field of contact mechanics modelling. The earliest ones are simple analytical 
models using statistical description of roughness and valid only for homogenous bodies. The 
progress in the field has meant that the current numerical models are advanced and able to 
deal with three-dimensional, layered, real rough surface contacts. The literature survey 
identifies the current models for multilayered contacts and reveals their deficiencies, at 
least some of which the current model has addressed. Furthermore, from the literature 
review it is also established that there is very little published information in terms of 
systematic studies of relative influence of coating mechanical properties and thicknesses on 
stresses generated in multilayered structures. Therefore, the systematic studies provided in 
this thesis attempt to offer some new insight into these effects. 
The model in this thesis has been developed to be able to optimise the layer structure of the 
coated body in terms of surface and sub-surface stress and displacement fields that may be 
desired for a particular application. For example the model can be used as a tool to design 
an optimal coating structure to minimise the real contact area, with the aim of reducing 
friction while keeping the sub-surface stresses relatively low thus prolonging the life of the 
component. 
The model predicts contact pressures, displacements and sub-surface stresses in rough 
multilayered contacts of arbitrary geometry under normal and tangential loading. The 
contacting bodies have real rough surfaces thus avoiding any assumptions about asperity 
distribution or shape. All layers are assumed to be elastic, homogenous and rigidly bonded 
to adjacent layer(s), the substrate is assumed to be a half-space. The inputs required are the 
material properties of all layers and the substrate, their thickness and the loading conditions 
present in the contact. 
The influence coefficients are derived by solving the Navier’s generalised equation for the 
three-dimensional problem. The fundamental equations are transformed to frequency 
space by application of Fourier integral transforms where a closed form solution for a 
square uniform pressure patch acting on a multilayered half-space can be found. The 
obvious advantage of the application of integral transforms in this way is that the obtained 
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solution is exact in the frequency domain. This also improves the efficiency of the 
computation as the crucial, time consuming, methods are only needed for the inversion of 
the solution back to the spatial domain. 
The contacting surfaces are discretized into a mesh with uniform pressure acting on each 
cell. To solve for surface pressures and deformations in the full contact an iterative process 
based on conjugate gradient method has been set up, where the pressures are adjusted 
until a solution is found that satisfies the convergence criterion. The full contact stresses are 
then found by superposition principle, which is performed efficiently in Fourier space 
through application of convolution theorem. 
There are a number of models in literature that deal with a single layered contacts [48, 50, 
61] but as evident in the literature survey of chapter 2, there are very few published 
multilayered contact models, and the ones that are available have a number of limitations. 
The current model is designed to remove some of these limitations, such as: the presented 
model has no imitation on the number of coating layers present whereas most of the 
existing multilayered models specifically deal with up to two layers, including those of Chen 
[64] and Cai and Bushan [69], which are also assumed frictionless contacts, as well as Mao 
et al [66]. In addition, Elsharkawy and Hamrock [65] and Mao et al [67] assume plane strain 
situations while Plumet and Dubourg [68] considers only smooth contact of an assumed 
shape. The contact geometry is completely arbitrary in the presented model. 
In order to ensure the validity and accuracy of the model, a large number of simulations 
were run and the results were compared to previously published analytical and numerical 
models. Firstly, the influence coefficients solution was validated by considering a 
homogenous body, simulated in the current model by giving all present layers the same 
properties, and the results were compared to existing analytical solutions for homogenous 
bodies such as that of Love [49]. This was repeated with many different numbers of layers 
and layer thicknesses, calculating contact displacements and stresses as well as sub-surface 
stresses. In addition, the influence coefficient solution for a multilayered case where the 
layers have different properties was compared to an equivalent example finite elements 
solution. In all cases, the results of the current model matched those of the analytical/FE 
model. Having validated the influence coefficients, the predictions for full smooth contact 
117 
 
solution were compared to analytical solutions of Hertz [1] . Finally, the multilayered rough 
contact solution, again with all layers having identical properties was compared to an 
existing in-house rough surface model due to West and Sayles [23], yet again with well 
agreeing results. 
Attempts were made to isolate the influence of the mechanical properties and the thickness 
of the layer(s). The surface pressure and displacement distribution, as well as the sub-
surface stresses, xx in particular, were studied for a homogenous, a single layered, a two- 
and a four-layered smooth contact under normal load. The results showed that tensile 
stresses appeared at the layer interface(s) and the magnitude of these stresses depends on 
both the position of the interface and the mismatch of the adjacent layers elastic moduli. 
These results suggest that by introducing an intermediate layer with carefully selected 
properties, it is possible to control the real contact area while keeping the sub-surface 
stresses moderate, thus reducing the risk of contact damage through, for example cracking 
and delamination. 
As may be expected, the introduction of friction generally increases the stresses and 
changes the stress distribution to become anti symmetrical. Similar trends, as was seen in 
the cases of pure loading, was seen, i.e. a stiff coating on a compliant substrate create 
tensile stresses at the interface but these can be reduced and even eliminated by a 
multilayered structure. 
Rough surface studies illustrated that the surface roughness can be very important for 
coating performance, even more so than for a homogenous contact, since it can lead to 
stress concentrations located at the layer interfaces. Thus, care must be taken when 
selecting coating properties/thicknesses in relating to roughness parameters. 
A parametric study was performed and revealed that not only are the tensile stresses 
affected by both the depth and material property mismatch between adjacent layers, but in 
a multilayered structure, one interface can affect the other. If these are understood, there is 
a possibility to minimise the interfacial tensile stresses by taking advantage of the mutual 
influence of the interfaces on each other. 
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The developed model provides a possibility to conduct numerous parametric studies, but 
considering the large number of varying parameters in a multilayered structure, including all 
of these is impractical. Existing multilayered studies offer very little insight into the 
behaviour of multilayered contacts, and are completely limited to two or fewer layers, and 
therefore it is hoped that the selected results presented here provide a useful contribution 
to better understanding of mechanics of multilayered contacts. 
The main conclusions described in this chapter can therefore be summarised: 
 The literature review revealed existence of numerous contact models but a lack of 
realistic models dealing with multilayered contacts. The existing models are limited 
in a number of aspects: the number of layers they consider (usually 1 or 2 layers), 
the contact geometry (2D plain strain assumptions), type of loading and/or exclusion 
of realistic roughness. In addition, there seems to be a need for a systematic study of 
multilayered contacts that can provide a better understanding of the interaction 
between layers, especially in terms of sub-surface stress distribution. 
 The current model presented in this thesis predicts pressure, displacements and 
subsurface stress fields in a multilayered contact of real rough surfaces under normal 
and tangential loading, with no restrictions on contact geometry and the number of 
layers.  
  The model is based on the influence coefficients approach where the influence 
coefficients are determined by solving the fundamental stress displacement 
equations in frequency space through application of Fourier Integral transforms in 
two dimensions. Pressures and displacements in a given rough surface contact are 
then solved for through an iteration scheme based on conjugate gradient method. 
Finally, the complete three dimensional stress fields can be determined utilising the 
Fast Fourier transforms and convolution theorem. This mathematical approach 
avoids time consuming convolution in the spatial domain and results in an efficient 
and accurate model. The model was validating by comparing its predictions in cases 
where al layers have the same properties (simulating a homogenous material) to 
existing homogenous contact models of Love [49], Hertz [1] and West and Sayles [23] 
. Furthermore, stresses and displacements for a case with two layers of varying 
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properties where compared to the equivalent solution obtained via in a commercial 
finite element package for a given geometry.  
 The model was used to systematically analyse the influence of selected multi-layered 
systems on contact pressures and displacements and subsurface stress fields. Results 
revealed that a multilayered coating structure could eliminate the tensile stresses 
that can appear in the interface between a coating with a single stiff layer and the 
substrate. A parametric study of a two-layered contact showed that the relative 
position of the two interfaces as well as the mismatch in elastic modulus can 
contribute to the interfacial stresses. Potential effects of surface roughness in terms 
of creating stress concentrations at coating interfaces were also considered. These 
results serve to illustrate how the current model can be used as a tool to optimise 
the design of multilayered coatings for improved contact performance. 
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Chapter 7  
Future Work 
There are a number of ways in which the presented model can be improved further. This 
chapter describes some suggestions for future work in the field. 
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These include:  
- Additional parametric studies such as the one presented in Chapter 5 of this thesis. 
Although it is impossible to consider all possible combinations of coating properties, 
thicknesses, number of layers, loading conditions and surface roughness in one 
study, the model does provide means to conduct many such studies in further work. 
For example, a study of influence of Poisson’s ratio on sub-surface stress distribution 
would be very interesting, similar to results shown by Chen [64]. Also, an attempt to 
provide some non-dimensional groups that govern the behaviour of multilayered 
systems, similar to Dundur’s parameters [63] applicable to a single layered system, 
would be extremely useful. 
- Coatings are often used in situations of poor lubrication in order to extend the life of 
the contact. In these cases, friction heating can lead to a significant rise of contact 
temperatures which in turn can modify the contact pressures distribution and lead 
to serious surface damage. For this reason, in practice coatings are often limited by 
their thermal performance. Such thermo-mechanical effects were studied 
extensively by Kadiric et al [57] for a two dimensional contact involving single coated 
system. Based on their findings, the model produced by Kadiric [2] involving thermal 
effects on stresses and displacements would make a very important addition to the 
current model. 
- Due to coating deposition methods, residual stresses are often created in coating 
layers. These stresses interact with the stress fields arising from the contact itself 
and therefore, to get an accurate picture, they should be considered when analysing 
the complete sub-surface stress field, [73]. 
- Many modern coating are not isotropic and their mechanical properties can exhibit 
various directional behaviour. This can have important effects on the sub-surface 
stresses, including the presence of tensile stresses as discussed in this thesis. 
Therefore, the model could be modified to be able to deal with anisotropic materials 
[25]. 
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- In common with most other contact models, the present model assumes that 
tangential load does not have any influence on the contact pressure distribution and 
the real areas of contact. This is an acceptable assumption in most cases but for a 
coated systems were the top layer is very compliant this becomes less true as shown 
by Elsharkawy and Hamrock [65]. Inclusion of this effect would further extend the 
validity of the current model. 
- Stiff coatings can result in very high contact pressures, thus making it more likely 
that plastic deformation occurs. Therefore, inclusion of an adequate plastic model 
would be very welcome. This could be done in many ways following the previous 
examples in literature, starting with a simple elastic-perfectly plastic model to more 
sophisticated plasticity models such as, for example, those fund in [74], [75] and 
[76]. 
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Appendix A: Fundamental Equations 
As stated in Chapter 3, the governing differential equation for the displacement field is the 
Navier’s equation. Below, Equation 3.2 is expanded in x-, y- and z- dimensions.  
 
0)()2(
31
3
2
21
2
2
2
3
1
2
2
2
1
2
2
1
1
2






























xx
u
xx
u
x
u
x
u
x
u
kkkkk

 
A. 1 
 
0)()2(
32
3
2
21
1
2
2
3
2
2
2
1
2
2
2
2
2
2






























xx
u
xx
u
x
u
x
u
x
u
kkkkk

 
A. 2 
 
0)()2(
32
2
2
31
1
2
2
2
3
2
2
1
3
2
2
3
3
2






























xx
u
xx
u
x
u
x
u
x
u kkkkk

 
A 3 
These are transformed to Fourier space according to Equations 3.13 and 3.14. For simplicity, 
the upper index k, specifying the layer number, will not be included in the rest of the 
chapter unless vital for the understanding. By using non-dimensionalised variables in 
Equation 3.7, the following expressions are obtained: 
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To solve for the displacements VU
~~
,
~~
and W
~~
, the biharmonic Equation 3.6 is used.  
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Performing the expansion of the biharmonic equation, term-by-term, with non-dimensional 
variables, for the displacement in the x-direction gives 
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Following the same pattern for all terms the result becomes 
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and by transforming to the Fourier domain, the function becomes: 
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If 222 rs  . 
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To determine the displacements VU
~~
,
~~
 and W
~~
, assume the complementary equation 
UmeU 
~~
, and the auxiliary equation becomes 
 02 4
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Which is quadratic and gives the solution  
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Since 31 UU mm  and 42 UU mm  , the solution has the form of 
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By identifying VU
~~
,
~~
can be derived from Equations A. 4 and A. 5. But first U
~~
 needs to be 
differentiated twice 
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Incorporating this in Equation A. 4, the following equation found: 
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Whilst using Equation A. 5 results in: 
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Using Equations A. 15 and A. 16 to eliminateW
~~
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Rearrange the terms to be able to simplify the expression 
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and using  222 rs   ,as stated earlier 
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In order to further simplify the expression, the transform constants A, B, C and D are 
grouped as follows, 
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which ends up with the following, 
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As the complementary function, assuming VmeV 
~~
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which gives,  
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which results in:  
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 A. 24 
As the particular integral, it is assumed; 
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Differentiate V
~~
 twice: 
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And introducing both expressions into Equation A. 22 leads to, 
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To identify the assumed constant, a, in Equation  A. 25. 
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which means that 
s
r
a  and therefore: 
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Combining the complementary solution with the particular solution gives us the general 
solution for the displacementV
~~
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Lastly, W
~~
can be found by using U
~~
  and U
~~
and V
~~
in any of the Equations A. 4 to A. 6. The 
following calculations are made using Equation A. 4.
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The integral of U can be found with integration by parts, i.e. 
    gFFgfg  A. 31 
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A. 32 
In the same way 
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Using Equation A. 4 with and integrating with respect to 

         0
~~~~~~~~
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and substituting VU
~~
,
~~
and their integrals gives 
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 A. 35 
To simplify the equation group the constants A, B, C, D, E, and F, 
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and make W
~~
  a subject, 
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 A. 37 
which can be simplified by letting 
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the denominator multiplying the expression with 
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A. 38 
Double checking the expressions by entering VU
~~
,
~~
and W
~~
in Equation A.6. 
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and differentiate VU
~~
,
~~
and W
~~
 
        eDDCeBBAU
~~
 A. 40 
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A. 42 
which together gives 
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By separating the constants it is easy to see that all terms are equal to zero and therefore 
the expressions for VU
~~
,
~~
and W
~~
are correct. 
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Appendix B: The Fourier Transform of Unit Pressure 
In order to use the pressure in the 1st boundary condition, the pressure must be 
transformed into Fourier space. 
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B. 1 
It is assumed that the unit pressure, p=1.0 when 1 and 1 otherwise p=0 
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B. 2 
It is known that    xx eex 
2
1
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which gives 
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B. 3 
Also,    xiix sinsinh   , this results in; 
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B. 4 
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Appendix C: Deriving Stresses from Hooke’s Law. 
Stress can be expressed in terms of strains by Hooke’s law. The stresses can therefore be 
derived from the displacements. 
Normal stress is defined as; 
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Transforming to the Fourier domain, 
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Start with differentiating W
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Inserting the expressions for VU
~~
,
~~
and W
~~
 in Equation C. 2, and grouping the transform 
constants: 
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 C.4.  
Since all values in the above expressions, apart from the transform constants s and r, are 
constant within each layer, the expression can be simplified by grouping several terms 
together, hence introducing the following constants; 
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which will then change Equation C.2 to: 
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At the surface =0 and Equation C.5 reduces to 
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 C.6.  
The shear stress in x-direction is, according to boundary condition (2), equal to the applied 
force times the friction. From Hooke’s law: 
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 C.7.  
Differentiating U
~~
 and inserting in C.7 together with the expression for W
~~
leads to;  
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C.8.  
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C.9.  
Grouping the constants A to F; 
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 C.10.  
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and then simplifying the expression by assigning new constants; 
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At the surface =0 
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The third boundary condition states that the shear stress in y-direction is equal to zero 
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The derivative of V
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 is 
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 C.14.  
Inserted in Equation C.13 together with W
~~
gives:  
 





























































consteF
r
D
ss
K
C
s
eE
r
B
ss
K
A
s
r
eD
s
r
D
s
r
FeB
s
r
B
s
r
E












~~
 C.15.  
Group the constants A to F; 
 

























































eFrD
s
r
DK
s
r
s
r
srC
eErB
s
r
BK
s
r
s
r
srA
2
2
2
2
~~
 C.16.  
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Group the constants: 
 
2
2
r
s
r
K
s
r
s
r
sr











  
which results in 
 
 
      
 eFDDCeEBBA
~~  C.17.  
At the surface 
     
 eFDCeEBA
~~  C.18.  
The direct stress in x-direction 
 





 
d
Wd
VirUisUis
WVUU
~~~~~~~~
22 
















  C.19.  
The differential of W
~~
 is previously found so; 
       












































































erFD
sss
K
sC
erEB
sss
K
sA
i
eD
s
r
FeB
s
r
Eir
eDCeBAisis
2
2
2
~~
 
C.20.  
Grouping the constants gives 
 








































eDisD
s
iK
s
iisC
eBisB
s
iK
s
iisA
22
22
~~
 C.21.  
 
 
141 
 
And giving terms a new symbol 
 
s
iK
s
i
si






 2
  
      
 eDDCeBBA
~~  C.22.  
At the surface 
      
 eDCeBA
~~  C.23.  
And for the direct stress in y-direction 
 





 
d
Wd
VirUisVir
WVUV
~~~~~~~~
22 



 
















  C.24.  
Which with the expressions of V
~~
,
~~
U and 
d
Wd
~~
gives
 
     
 






























































erFD
sss
K
sC
erEB
sss
K
sAi
eD
s
r
FeB
s
r
Eirri
eDCeBAis
2
2
2
~~
 C.25.  
Group the constants 
 








































eFirD
s
r
iD
s
iK
s
i
eEirB
s
r
iB
s
iK
s
i
22
22
~~
2
2
 C.26.  
using some of the previous symbols assigned for the terms 
 





ir
s
iK
s
i
2







  
Then 
 

 













 eFD
s
r
DeEB
s
r
B  C.27.  
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And finally 
 




 










 VisUir
VU ~~~~
22 

   C.28.  
     

























eD
s
r
FeB
s
r
Eis
eDCeBAir
2
2
~~
 C.29.  
Grouping the constants 
      
 eFisDirCireEisBirAir 242242
~~  C.30. 
Using the same symbols as earlier 
 


is
ir
2
2


 
 
Gives; 
      
 eFDCeEBA 22
~~
 
C.31.  
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Appendix D: Sub-Surface Stresses. 
For the validation of the sub-surface normal stress, a line at ==0 were calculated for a 
number of values of  and compared to Loves solution obtained from following equation: 
 












2
2
2
1
z
V
z
z
V
zz

  D. 1 
where 
 
  
     
  
     
  
     
  
      




















































































2222
1
2222
1
2222
1
2222
1
cos
cos
cos
cos2
zybzxa
ybxa
zybzxa
ybxa
zybzxa
ybxa
zybzxa
ybxa
p
z
V

 D. 2 
And 
 
 
 
 
  


































 









 











 









 







34
22
21
22
32
22
41
22
2
2
c
xa
d
xa
zyb
yb
b
xa
a
xa
zyb
yb
c
yb
b
yb
zxa
xa
d
yb
a
yb
zxa
xa
p
z
V  
D. 3 
The direct stress in x-direction 
 

















2
2
2
2
2
1
x
V
z
x
x
z
V
LL
L
LL
L
xx





  D. 4 
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where 
  
 
 
 
 
 
 
  





























































































3
1
2
1
11
4
1
1
111
2
2
tantan
tantantan
tantantan
cxa
ybz
bxa
ybz
xa
yb
xa
yb
dxa
ybz
axa
ybz
xa
yb
xa
yb
p
x
x
 D. 5 
and 
 
 
  




















 









 







32
22
41
22
2
2
c
yb
b
yb
zxa
xa
d
yb
a
yb
zxa
xa
p
x
V
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For the direct stresses in y direction 
 

















2
2
2
2
2
1
y
V
z
y
x
z
V
LL
L
LL
L
xx





  D. 7 
where 
  
 
 
 
 
 
 
  





























































































3
1
4
1
11
2
1
1
111
2
2
tantan
tantantan
tantantan
cyb
xaz
dyb
xaz
yb
xa
yb
xa
byb
xaz
ayb
xaz
yb
xa
yb
xa
p
y
x
 D. 8 
and 
 
 
  




















 









 







34
22
21
22
2
2
c
xa
d
xa
zyb
yb
b
xa
a
xa
zyb
yb
p
y
V
 D. 9 
The sub-surface stresses for the shear stress in the sliding direction can be calculated 
through following equation of Love: 
 
xz
V
zzx



2
2
1

  D. 10 
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where 
 
 
  




















 








 






32
22
41
222
c
yb
b
yb
zxa
z
d
yb
a
yb
zxa
z
p
xz
V
 D. 11 
shear stress in y direction 
 
yz
V
zzy



2
2
1

  D. 12 
where 
 
 
  


















 








 






34
22
21
222
c
xa
d
xa
zyb
z
b
xa
a
xa
zyb
z
p
yz
V
 D. 13 
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Appendix E: Conjugant Gradient Method 
The conjugate gradient method is an iterative algorithm for finding the nearest local 
minimum of a function of n variables. It uses conjugate directions instead of the local 
gradient for going downhill and is generally more efficient than the method of steepest 
descent. Conjugate gradient method is widely used to solve for optimisation problems such 
as energy minimisation because it can replaces the cumbersome matrix inversion. The 
method is described in many texts on numerical methods. The basic description below for a 
linear system of equations is based on that given in Numerical Recipes [78] 
Assuming that the problem to be solved is a linear system of equations (conjugate gradient 
methods for non-linear systems also exist) 
 bxA    
Make an initial guess to the solution to be x0. Then set: 
 
00
00
rp
xAbr


  
The successive, improved estimates are given by: 
 
kkkk pxx 1   
Where 
 
kk
kk
k
pAp
rr


  
kkkk pArr  1  
kkkk prp   11  
and 
kk
kk
k
rr
rr


  11  
 
This is an iterative scheme so xk+1 is the unique solution to the system once the residual is 
within the specified error limits. Convergence is not guaranteed for a general A but in 
practice the procedure almost always produces a solution. 
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Figure E.1 shows an example comparison of the conjugant gradient and the gradient 
descent method. 
 
Figure E.1 A comparison of the convergence of gradient descent with optimal step size (in green) and 
conjugate vector (in red) for minimizing a quadratic function associated with a given linear system. Conjugate 
gradient, assuming exact arithmetic, converges in at most n steps where n is the size of the matrix of the 
system (here n=2) [77]. 
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